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Let N be the class of all functions that are analytic in the unit disk
E={z:|#2|<1} and equal to 1 at 2z=0. We call p(z) e N a Carathéodory
function, if it satisfies the condition Rep(2)>0 in E.

In this paper, we will obtain some properties of p(z) e N which is not
a Carathéodory function. We need the following lemma due to [1, 2].

Lemma 1. Let w(z) be analytic in E and suppose that w(0)=0. If
|lw(2)| attains its maximum value on the circle |z|=r<1 at a point z,, then
we can write

2ow’ (20) = kw(2,)
where k is a real number and k=1.

Theorem 1. Let p(z) e N and suppose that there exists a point z,e F
such that
(1) Rep()>0 for |z]|<|z|

Rep(z)=0 and p(z,)+0.
Then we have
20" (20) i
p(z,)

where k is real and |k|=1.

Proof. Let us put

1-p(2)

2) Y= e

Then we have that ¢(0)=0, |¢(z)|<1 for |z|<|z,| and |¢(z,)|=1.

From (1), (2) and Lemma 1, we easily obtain

%95’(20) — —2z,0' (%) . — 22,0’ (%) >1

#(20) 1—pG)*  1+p@)f =
This shows that

—zop'(zoz%(l Fp(0 D)

and z,p'(z,) is a negative real number.
Since p(z,) is a non-vanishing pure imaginary number, we can put
p(z0) =1a,
where a is a non-vanishing real number.
For a>0, we have
Im LA Im (— izm’(%)_)
p(z0) |p(z0)|
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2l<ﬂ)21,
25— )2

and for a<<0, we have

Im 2P () _ 1, 100’ (20)

P(2y) |p(20) |
/_l 1402 .
= 2( la )é L

This completes our proof.
Theorem 2. Let p(2) € N and suppose that
(3) m 2@ <1 in B
p(?)
Then we have
Rep(z)>0 in E.
Proof. From the assumption (8), we easily have
p(z)=£0 in E.
In fact, if p(z) has a zero of order n at z=«, then we can put
p(2)=(z—a)"p,(2)
where p,(2) is analytic in £ and p,(«)#0. Then we have
(4) ') _ mz | zpi@)
p(z)  z—a  p(2)
But, the imaginary part of the right-hand side of (4) can take any
values when z approaches «. This contradicts (8). This shows that
p(2)#0 in E.
Therefore, if there exists a point 2z, € E such that
Re p(z) =0,
then we have p(z,)#0. From Theorem 1, we obtain
220
p(zy)
where k is real and k>1. This contradicts (3). This completes our proof.
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