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(Communicated by Shokichi IYANA(]A, M. J. A., Dec. 12, 1991)

1. Introduction. Unless otherwise stated all manifolds and maps
are smooth.

Let M be a closed 4-manifold and K a knot in (M--IntB)S where
B is an embedded 4-ball in M. If K bounds a properly embedded 2-disk in
M-Int B, then we call the knot K a slice knot in M. Let Slice(M) be the
set of slice knots in M. We note that Slice(S) is unequal to the set of
knots in S (Fox and Milnor [1]) and Slice(S) is a subset of Slice(M). In
[5], Suzuki proved that Slice(S S) is equal to the set of knots in S, and
asked the question "Is there a 4-manifold M such that Slice(M) is equal to
neither Slice(S) nor the set of knots in S*?’’. In this paper we shall prove
the following theorem.

Theorem. The set Slice(CP2) does not contain a (2, 15)-torus knot.

It is easily seen that Slice(S) is a proper subset of Slice(CP) (for
example, see Kervaire and Milnor [2]). Thus this theorem gives an affirm-

ative answer to Suzuki’s question.
The author wishes to thank Professor Shin’ichi Suzuki for his encour-

agement.
2. Preliminaries. In this section M means an oriented, connected,

simply connected, closed 4-manifold. We need the following four lemmas
to prove Theorem.

Lemma 1 (Rohlin [4]). If e H2(M Z) is represented by an embedded
2-sphere in M, then

( a --a(M) _rank H(M Z) if is divisible by 2,

(b) (P-I) _a(M) <rank H2(M z) if is divisible by an odd
2p

prime p,
where is the sel/-intersection number of and a(M) is the signature of
M.

Lemma 2 (Kervaire and Milnor [2]). Let H(M Z) be dual to the
Stie/el-Whitney class w(M). I . is epresented by an embedded 2-sphere

in M, then a(M) mod 16.
Lemma (Weintraub [6], Yamamoto [_7]). Suppose H(M--Int B,

(M--InB) Z) is represented by a properly embedded 2-disk in M-
Int B and let K be a knot (M-IntB). I the unknotting number o/
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K is u, then is represented by an embedded 2-sphere in Mu(CP2 CP2).
Here is identified with its image

H(M- Int B, (M-- Int B) Z)( H(M-- Int B Z)
;H2(M u(CP CP) Z).

Lemma 4 (Kuga [3]). Suppose M has the intersection form

(o---1 ) (1},
with respect to generators , fl, of H(M Z)-ZZZ. If x2, y2,
and z=l, then the homology class xa+yfl+z cannot be represented by
an embedded 2-sphere in M.

3. Proof of Theorem. Let
0

be the intersection form of $2SCP with respect to generators ,/, r of
H(S S CP Z) Z (R) Z Z. There exist mutually disjoint ten properly
embedded 2-disks A,..., A0 such that J... Jz/0 represents
H(S S- Int B, 3(S S- Int B) Z) and such that 3(A 13
3(S S-Int B) is the link as illustrated by Fig. 1. It is not hard to see
that nine strips b, ., b connecting the 2-disks A, ., A0 can be chosen so
that D z/ [2 [2 A0 [2 b t2 b is an embedded 2-disk in S S-Int B1
and so that 3D 3(S S- Int B4) is a (--2, 15)-torus knot as illustrated by
Fig. 2. Thus this (--2, 15)-torus knot bounds the embedded 2-disk D
which represents 2a+ 8fl e H(S S- Int B, 3(S S- Int B) Z).

Suppose Slice(CP) contains a (2, 15)-torus knot, then a (2, 15)-torus

oA10

Fig. 1

Fig. 2
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knot bounds a properly embedded 2-disk D2 in CP- Int B. This implies
that there exists an integer z such that z e H(CP- Int B, &(CP- Int B)
Z) is represented by the properly embedded 2-disk D. in CP2--IntB.
Since there exists an orientation reversing diffeomorphism from the pair
((S S2- Int B0, D,) to the pair ((CP- Int B), D), 2o+8+z7 e H(S
SCP) can be represented by the embedded 2-sphere D, D in S"X S# CP.

If z is even, then 2a+Sfl+zr is divisible by 2. By Lemma 1, we have

( 1 ) -32+z2 -I <3.
2

Moreover, by using the fact that the unknotting number of a (2, 15)-torus
knot is 7 and Lemma 3, we find that zT is represented by an embedded 2-
sphere in CP # 7(CP # CPg. By Lemma 1, we have

(2) ----1 _<15.

We note that there is no even integer z which satisfies inequalities (1) and
(2). Therefore z is not even. That is, either z=l or z is divisible by an

odd prime p. In the latter case, since z. is represented by an embedded
2-sphere in CP # 7(CP CPg,

z(p-l) --1 <15,
2p

by Lemma 1. It follows that

z2_<32(1+ p21--1 )_<36.
This implies z=9 or 25.

On the other hand, since 2a+8/9+z[ is dual to w(SxSCPO, z=_l

mod 16 by Lemma 3. Therefore we have z=l. However, z=/=l by Lem-
ma 4, a contradiction. Hence Slice(CP) does not contain a (2, 15)-torus
knot. This completes the proof.
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