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Introduction. In this paper we construct a model for the random
motion of M molecules mutually reflecting in R? and investigate its limiting
behavior as the gize R of the molecules tends to 0. We assume that the
k-th molecule consists of n, (>1) atoms. The atoms move randomly in the
way as described below (see (0.83)) under the following restrictions (0.1)
and (0.2).

(0.1) Any two atoms in different molecules reflect each other when the
distance between them equals a given constant p (>0).
(0.2) The distance between any two atoms in the same molecule does not
exceed a given constant R (>0).
Let /1={1, ity N}, N=Z§i’=1 Ny and Ak={ ;c;llni +1’ Z’ic;ll'nt‘!'z, R} Z;‘C-l nt}’
k=1, ..., M, where the convention > }_,=0 is used. /A, describes the set of
indexes of atoms in the k-th molecule. For each ie 4, we put m@@)=k if
i€ 4,. Denote by X,(t) the position of the i-th atom at time ¢ and put R,(¥)
=MAaX,. 5 —may | X6 — X, ()], 0:(&)=min,.,, psma | X —X ;). We assume
that the random motion of the atoms is described by the stochastic differen-
tial equation (SDE)
(O~3) dXi(t)=dBi(t)+dLi(t)’ 7:=1’ 2’ ) N’
where B,(t), 1<i<N, are independent d-dimensional Brownian motions
and each L,(t) is a process of bounded variation which can vary only when
either p,(t)=p or R,(t)=R and represents effects of (0.1) and (0.2) so that
0:()>p, R(H<R, t>0, 1<i<N. It is assumed that p,(t)>p, R,()<R,
t>0, 1<i{<N. Similar random motions were considered in [3] and [4];
however, in [3] the restriction (0.2) was not considered and in [4] n,=1 for
all k.
To solve (0.3) we consider the following problem. For given w=(w,,
Wy, + -+, Wy) € C([0, co)— RY?) satisfying
|w,(0)—w,(0)|<R forall 4,7 with m@=m(),
>p forall <¢,7 with m@+m(),
we want to find £7(t) satisfying the equation
N t
0.4) i) =w,()+ jZ_l L (Ef(8)—&X(9))dIf(s) i=1,2,.--,N,
(#1)
under the following conditions (i) and (ii):
(i) &°=(&f, &7, -+, 80 e C([0, 0)—RY*) with
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|EF(@)—EF@)|I<R for all 4,7 with m@=m(),
>p forall 4,7 with m@+m(), t>0,
(ii) IF is a continuous function which is nonincreasing or nondecreas-

ing according as m(i)=m(j) or m(i)=m(j) ; moreover 15 =1%, I%(0)=0 and

¢
_[ luefm—ey(s>|=n)(8)dlf}(8), if m@)=m(j),
IE@)=1"
[ iepor-cpoa®AEE, i moEmG),

where 1, denotes the indicator function of a set A.

If we have a unique solution £ZX(t)=&%(t,w,, - - -, wy,) of (0.4) for each
given w=(w,, ---,w,), we obtain a stochastic process X(¢t)=(X,@®), ---,
X, (t)) where X,(t)=£F(t, Wy, -- -, W), W, being defined by W,(t)=X,(0)+
B,(t), 1<i<N. Then the process X(t) satisfies the SDE (0.3) and is what
we call the random motion of M molecules mutually reflecting in R*. We
show that the equation (0.4) can be solved uniquely employing the idea in
[4]. That is, we prove that the domain

r={x=_(2, %, - - -, Xy) € R¥: |2, —2,|<R for Vi, j with m()) =m())
and >p for Vi, j with m()=+=m(5)}

satisfies Conditions (A) and (B) in §1 which assure the existence of the
unique solution of the Skorohod problem (w; 9;) and then we derive the
equation (0.4) from the Skorohod equation for (w; 9;). We also show that
the unique solution &% of (0.4) converges to some limit & as R | 0. In the
limit motion &° all the atoms belonging to the i-th molecule perform the
same motion which is denoted by 7. Then »'=(, - - -, 7%) may be regarded
as describing the random motion of mutually reflecting M hard balls of
diameter p with different masses.

In §1 we first state the results on Skorohod problem for general do-
mains following [1] and then, the solvability of the equation (0.4). The
convergence of &% is stated in §2 and the characterization of the limiting
function is given in §3. Details of the proofs and some related results
will appear elsewhere.

§ 1. Skorohod problem and the solvability of (0.4). Let D be a do-
main in R” and we call ne R* an inward unit normal vector at x e oD if
|n|=1 and B(xz—rn, ¥)N D=0 for some >0, where B(y,r)={z¢e R*: |y—2|
<r}. We denote the set of inward unit normal vectors at xe oD by Jl,=
(D) and set 71, =T, ,(D)={n: |n|=1, B(x—rn, )N D=0}, r>0. We in-
troduce the following two conditions on D.

Condition (A). There exists a positive constant r, such that

No=N,,,#0  for all zeaD.

Condition (B). There exist constants >0 and p e [1, o) with the fol-

lowing property; for any x € oD there exists a unit vector e, such that
{e, my>1/B forall ne

yEB(x,8)NdD
where (-, -> is the usual tnner product in R".

Following Lions and Sznitman [1] and Saisho [2] we consider the fol-

Y
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lowing Skorohod problem.
Skorohod problem (w; D). Given w € C([0, co)—R"™) with w(0) € D, find
a pair (¢, 1) of functions satisfying the equation

(.1) E=w(t)+ j n(s)di(s)

under the conditions:
(i) &eC(0, o)D),
(ii) 1 is a continuous nondecreasing function with (0)=0 and I(t)=

j 1,,(EE)dIs),

(i) n(s) e Jl,, if &(s) e aD.
When we refer to the Skorohod problem (w; D) or the Skorohod equation
1.1) for (w; D), we always consider (1.1) under these conditions (i), (ii)
and (iii). The following theorem is known.

Theorem 1.1 ([2). If D satisfies Conditions (A) and (B), for any
w e C([0, 0)—R™ with w(0)e D, the Skorohod problem (w; D) can be
solved uniquely.

We now proceed to the special case where D=9),.

Proposition 1.1. If 0<R<p/4, then the domain 9, satisfies Condi-
tions (A) and (B) with ro=7g,={v N (18M —15)p}'R* and

N(Dp)={n: |n|=1, "=<i jé:lm Cuyn (%), €,;,>0}, 2 € 0Dy,

where J,={({, 7): 1<i<j<N, |xt—x,|—R or =p} and
(0,- 0, %=% o ... 0,%% o 0), it m@)=mG),

«/—R «/—R
n; ()= (t-th) (j-th)
(0, e 0, %% o ... 0, 8% g, ...,0), it m@)=mQ),
2 2
v2p V2 ze 0D,

By virtue of Proposition 1.1 we can make use of Theorem 1.1 to obtain
the existence of a unique solution of the Skorohod problem (w ; 9z), More-
over, we can prove that the equation (0.4) is equivalent to the Skorohod
equation for (w ; 9z) and consequently obtain the following theorem.

Theorem 1.2. For each 0<R<p/4, the equation (0.4) has a unique
solution.

We now put

D.={x=(2, %, - - -, Ty) € R¥ : |2, —2,|>p, m(D)£=mM())},
O={x=(, @y, - - -, Ty) € R¥*: |, —2,;|> p}.
We remark here the following for the later use.

Remark 1.1. (Q)([8]) 9. satisfies Conditions (A) and (B) with r.=

79, =p{8(N—1)%-! and
N(D)={n:|n|=1,n= 3, c,n,(®),c,;>0}, xeid.,

(G, NeJg
where J5={(1, 7): 1<i<j<N, |z, —x,|=p, m@)+=m())}.
(2)(I3], [4]) O satisfies Conditions (A) and (B) with 7,=p{8(M —1)**}-
and
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NAO)={n: |n|=1,n= 3 com,(®), ¢;,>0}, z€d0,

(k,nyed9

where J9={(k, h): 1<k<h<M,|x,—x,|=p} and

m (x)=(o,...,O,M,o,...,o,u,o,‘..,0>_
kh *\/—2“0 ﬁp

(k-th) (h~th)

§ 2. Convergence of £% as R tends to 0. Let E"Kt):w(t)—i—r n(s)dl%(s)
0

be the Skorohod equation for (w; 9;). Then by Proposition 1.1, we can
write

2.1 ¥ =w @)+ () 4 o"(®).
where
vE)= : 1gi<Zj:sN ¢;(8)n; (8)dL=(s), SDR(t) = : 1si<Zj:sN ¢:5(8)n;(8)dl*(s).
m (1) =m(j) m(8)#=m(f)

Remark 2.1. (2.1) is the Skorohod equation for (w+*; 9.), that is,
we can write (2.1) in the form:

E7(t) = w(t) () + j:m@dﬁ(s), m(s) € Tniy (D) if £7%(s) € 99...

For any z € R** we define z=(%,, %, - - -, Ty) € RV by 7,=2x, if m@)=k,
and for f: [0, c0)—R¥* we define f: [0, c0)—>R¥ by f(t)=f(), t € [0, o).
Next, for x € R™ we define G(x) € R*® by (G(2)y =11, T: /M k=1,2, - - -,
M, and denote *=G(t"), P*=G(p"), W=G(w) and w=w. Clearly, 5* de-
scribes the motion of the center of gravity of each molecule. Furthermore,
we use the following notation; for a continuous function u defined on
[0, o0), we set

A, (w)=sup {ult,)—ut)|: s<t,<t,<t},
llull,=sup {ju(s)|: 0<s<t},
|u].=the total variation of u on [0, t],
luli=|u|,—|ul,, 0<s<t.
Then we note that (2.1) implies »*(t)=@(¢)+@*(t) and 77*(t)=w(t)+ DE(t).

Setting go”(t):jt m(s)di®(s), we can prove the following proposition.
0

Proposition 2.1. Let T>0 be any finite time. Then for sufficiently

small R>0, there exist positive constants K, and K, such that
o <K.A, m+ER(1+ F), 0<s<t<T,

where K,, K, depend only on p, T, |W||; and the modulus of uniform con-
tinuity of w.

For the proof we employ an argument similar to that in the proof of
Proposition 3.1 of [2].

Remark 2.2. For sufficiently small R>0, Proposition 2.1 implies
that |¢7|,, I@Th are uniformly bounded in R for any finite £¢>0.

Lemma 2.1. Suppose that &% and &% solve the Skorohod equations
R =w @)+ E(E) + %) and ¥ =w(t)+v* @)+ o™ @), for (w++"; D),
w++v* ;5 9D.,), respectively. Then, we have
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@2 O Or<-2 [ [F© -7 @Rl +dle™])

+2B+R){VN +-LR+RIN g™+ 1¢71), 0.

Using Proposition 2.1, Lemma 2.1 and Gronwall’s lemma we get the
following theorem.

Theorem 2.1. 7% converges uniformly on each finite t-interval as
R |O0.

The following theorem is immediate from Theorem 2.1 and the fact
|&F(t) —pf(t)|<R, 1<i<N.

Theorem 2.2. &7 coverges uniformly on each finite t-interval as R | 0.

§ 3. Characterization of the limiting function. By Theorem 2.1, we
have 7*—&° and @*—@" uniformly in te[0,7T] as R | 0 for some limiting
functions & and @°, respectively for any finite 7>0. Here we remark that
£1=¢5 for all ¢, j with m(@)=m(j) and if we define "=(%, 73, - - -, 7%) € R**
by 7=¢& for ¢ with m@)=k, k=1,2, ..., M, we have 5’=¢°. Using the
method of [2: Theorem 4.1] we can show

1°) dO%(s)=#(s)d|D°],, #(s) € Tsy(D.) if &%s) € 09..,

@°) f A(S)d|], =P(t),
from which the following theorem is obtained.

Theorem 3.1. §&° solves the Skorohod problem (w; 9..), that is, &%(t)
=w(t)+@(t) is & Skorohod equation.

Remark 3.1. We can also prove that 7(s) in (1°) is written in the form:

N
l(s)= jZ_l () (&) —&%s)), ¢€.,4(8)>0,1i=1,2,.--,N.
(#1)
Thus, we can write
t N J—
Sg(t)=wz(t)+fo jZ; ¢, () (EUs)—E5sd|P°],, i=1,2,...,N.
(#1)
Setting l2_-,(t)=jb ¢,,(s)d|9°|, and then I,(0)=0,t) for k=m(?), h=m()),
0
we easily have the following theorem.
Theorem 3.2. {7°(?)} is a unique solution of

M t

3.1 7)) =, () + h}; Ny, L (&) —nh(Ndli.(8), k=1,2,..., M,
(k)

with the conditions that

(1) =013 -« -, 75 € C([0, 00)—>R™?) and |9i(t) —75(0)|>p if k+h,
(2) 1, is a continuous nondecreasing function with I3, =13,, 1},(0)=0,
and

/1
l%h(t)=j0 Vst -0 o1 -1 ()AL (8)-

In particular, if ny=mn,=---=ny, {’t)} solves the Skorohod problem
(w; O).
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