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56. On Uniform Distribution of Sequences

By P. Kiss*»»h and R. F. TiCHY**)

(Communicated by Shokichi IYANAGA, M. J. A., June 9, 1987)

Let z: 2,=0<%,<%,--- be a subdivision of the interval [0, co) with
z,—co a8 n—oo. For an increasing sequence (x,);., of non-negative real
numbers, define the sequence (¢,) of positive integers by

i 1 S %, <2y,
Then (z,) is said to be uniformly distributed modulo the subdivision 2 if the
sequence

(1) (,},= Zn "Rzt
Zin—Rip-1
is uniformly distributed mod 1, i.e., if
(2) lim (1/N)A(z, N, {z,},)=x 02,

n—oo

where A(z, N, {x,},) denotes the number of indices n, 1<n<N such that
{x,}. is less than .

The following distribution properties of the sequence (x,)=(nf) (f an
arbitrary positive real number) are well-known :

(i) If 2,—2,,—~> and 2,/2,_,—~1 a8 n—oo0, then (x,) is uniformly
distributed mod z (W. J. Le Veque [6]).

(ii) If z,—=,_, is decreasing, then (x,) is uniformly distributed mod z
for almost all ¢ ; this result also holds in the case (z,)=(n'6) for any fixed
>0 (H. Davenport and W. J. Le Veque [3]).

(iii) If 2,/z,.,—1 as n—oo and if the number of terms z, with z, <N
is less than c¢-N*? (¢, 6>0), then (z,) is uniformly distributed mod z for
almost all 4 (H. Davenport and P. Erdos [2]).

In the following we prove a generalization of some of these results by
an elementary method (cf. [7]). For this purpose we define a sequence (z,)
to be almost uniformly distributed mod z if there is an infinite sequence
N, <N,<.---. of positive integers such that
(3) lim (1/N)A(z, N, {z.})=2  (0Z2<1);

n—co

see Definitions 1.2 and 7.2 in the monograph of L. Kuipers and H.
Niederreiter [5]. For further results on uniform distribution modulo a
subdivision see Burkhard [1], P. Kiss [4].

Theorem. Let 8 be a positive real number and let z=(z,) be an increas-
ing sequence of real numbers with conditions 2,=0 and z,/n—o0 as n—co.
Then the sequence (x,)=(6n) (n=1,2, -..) is almost uniformly distributed

N  Research partially supported by Hungarian National Foundation for Scientific
Research Grant No. 273.
*  Teachers’ Training College, Eger, Hungary.
*  Department of Technical Mathematics, Technical University of Vienna, Vienna,
Austria.



206 P. Kiss and R. F. TicHY [Vol. 63(A),

modulo z. It is uniformly distributed mod z if and only if lim (z,/z,_)=1.

Proof. Let x be a real number with 0 <2 <1 and let "
SN= i Z x[o,x)<ﬂ:“zu>,

n=1 zn-ééﬁcézﬂ, n— ®fn-1
where %, ., is the characteristic function of the interval [0, ) and M =M(N)
is an integer defined by

Py <Ty=Zy.
The definition of M implies that there is a real number 2 (0 <A< 1) such that
(4) N=1/O@y 1+ 2zy—2y_1)).
Using the notation 4z,=7,—2,_, we derive from
0< Tt g

n

that
1/0)z, . <k<1/0)(2,_,+xdz,).
Hence we have

5 % x(xk——zn_l)= xdz, o
(5) _Z-‘g 0O\ Lz, A W

for every n with n<<M.
Let first 2>=«. In this case, (5) holds also for n=M, and so

Sy= z’ﬁ ( xf)z + o<1>)—_——”f;—M+o<M>.

Thus by (4) we obtain
(6) Sy 22x+00D) =x< Zus (1—z)+z)_'+ 0(_].‘.’-5).
N MRy — 2y 1) 2y 2y
Now let 0<a<x. In this case we have
a2 )= N — B4 0(1) = L ey —2y0+00),
2wy Sap<aar, Az, i 7}

and so by (5)
w=r xdz, 1 1
Sy= 2. 9 +—0—ZAzM+O(M):—5—(sz_1+2(2},—2,;,_1))-I-O(M).

n=1

Similarly as above we derive in this case
(7) Sy _ 2+ ARy/2x-D—1) +O(y_).
N 1+2((2y /20 —1) Ty
By (6) and (7), since M/z,—0 as M—co,
limSy/N=x«

N—oo
does not depend on 2 if and only if lim z,/2z,_, exists and equals to 1. Thus
M-

the second assertion of the theorem is proved. Let N,, N,, --- be the
sequence of natural numbers defined by N,=[z,/6], where [-] denotes the
integer part function. For these integers, similarly as above we obtain
Su. _ wzanat OUWND) _ o A,
N, (20D +0Q@1)

Zuy)
Hence
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lim SN{ / N’i =
i.e. is (x,) is almost uniformly distributed mod z. This completes the proof
of the theorem.
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