No. 6] Proc. Japan Acad., 63, Ser. A (1987) 179

49. A Result on the Scattering Theory for First Order
Systems with Long-range Perturbations

By Koji KIKUCHI
Department of Mathematics, Osaka University

(Communicated by Kdésaku Yo0SIDA, M. J. A, June 9, 1987)

In this report we treat the following differential equation for C™-valued
function :
D= Au,
where D,=(1/4)(@/dt) and

(1) A=E@)"3 A,D,E@)""",
j=1

A,’s are m X m constant hermitian matrices, and E(x) is a continuous m X m
hermitian matrix valued function with
0<ecI<E(@x)<el
for some constants ¢, and ¢,. 4 can be extended to a self-adjoint operator
on H=L*R"). If we substitute E(x) with I in (1), we have a differential
operator of constant coefficients :
A=31A,D,.

j=1
A° can also be extended to a self-adjoint operator on 4, and A is regarded
as a perturbed operator of 4°. The main result which we shall report here
is the existence theorem of the wave operator between A° and 4. We con-

sider the case that the perturbation is long-range. More precisely we
assume that

Assumption (E). 1) E(x) e C*(R").

2) |0y E(@x)—D|<A+]zp"'* for >0 and |«|>0.

The operator W, is called the wave operator if the limit
(2) W.u=1lim eitlg-t4%, (ue H,.(19)

L— oo
exists. In the case of the short-range (6>1) it is already known that, for
wide class of A° W, exists and is complete (see for example [3]). But it
does not exist generally when the perturbation is long-range (0<<6<1).
Then we should consider the modified wave operator. The fundamental
problems of the theory of long-range perturbation are the existence and
completeness of the modified wave operator. However few works have been
treated related to the spectral theory of systems with long-range perturba-
tions. There are only the works related to the limiting absorption principle
([31,[4]). Then unlike the case of the short-range the existence theorem
is the first step of this theory.

On A° we assume the following. We put

A) =ji}1 Ag,  (symbol of A°.
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Then
Assumption (F). 1) A°is strongly propagative, that is, for some d
rank A(&)=m—d when &+£0.
2) We put
p°=rer§ff # {distinct positive eigenvalues of 4°(¢)},

and
po=(m—d)/2.

Remark. The condition 2) is equivalent to that the multiplicities are
all simple for almost all & € R".

Example (Maxwell equation). We consider the Maxwell equation in
crystals :

V'x H—¢(GE/[dt)=0, VX E+ u1,(6H/0t)=0,
where e=(¢,,) is a tensor dielectric constant and g, is a scalar magnetic
permeability. Let ¢, ¢, and ¢, be eigenvalues of e. We may assume that
&1 >6,>¢,>0.

There are three classes which are defined by the condition (i) &,>¢,>¢,, (ii)
&> €, =¢, OF &,=¢, > ¢, and (iii) ¢;=¢,=¢, (isotropic). The classes (i) and (ii)
satisfy Assumption (F), and the class (iii) does not satisfy (refer to C. H.
Wilcox [5]).

The eigenvalues of A4%&) can be enumerated as follows:

A BE=-ZRE>08)=0>22,8)=>- - =22,,(8).
And PY(&) denotes the projection onto the eigenspace associated with 23(¢).
Z® denotes a set given by
ZP={¢e R"; 2%(&)=2%(¢) for some j+#k}.
We put A(zx, &) =E(x) 2 A°(&)E(x)~'"* and
p(x)=?£§.{ t {distinct positive eigenvalues of A(z, £)}.

Then the eigenvalues of A(x, &) are also enumerated as
R, > - - - 24w, §)>2(E)=0

. 3 >A4(x, 8> >2A (2, 8.
Pz, &) and Z§) can also be defined similarly.

Then we have

Proposition. Under Assumptions (E) and (F) the following facts
hold :

i) There exists an R>0 such that
o(@)=p, when \|x|>R.

ii) There exists a family of open neighborhoods {V,},-r of Z§ such

that
U V7=Z_,(5'1)

r>R
and

Zycv, for |z|=r.
iii) Let KCR"\ZY be compact. Take R of i) so large that KNV ,=
if r>R. Then
|8505(2(, &) —2(EN|K C )28
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for |a|,|B|=0 and (x, &) € {|{x|> R} X K.
iv) |0588(Po(x, &) — PUEN| < C ey 1#!
for ||, |B|=0 and (x, &) e {|{x|>R} X K.
Here C, is uniform for (x, &) € {{x|> R} x K.
Asg stated above the limit (2) does not exist when the perturbation is
long-range. We seek the modified wave operator as the following form:
W2u=1im e'“‘X,u (w e Y, (49).

t— oo

Here X, is an operator on 4 given by
Xu= % (Zn)'"j =t O BT, 8), £)AE)dE,
k=1 2

where W,(t, £)’s are functions constructed in the lemma given soon later
and 2,’s are open domains defined by

2,=02, for telt, t,.)
with {¢,} and {2,} given in the same lemma.

Then we state the lemma in the case of {—oo.

Lemma. Under Assumptions (E) and (F), let {t,};>, be a given sequence
with t,<t,--- and lim,__ t,=oco. Then there exists a sequence of conic open
sets {2}, with 2,C2,C -+ - and \ Uy, 2,=R"\Z, and there exists a solu-
tion of the Hamilton-Jacobi equations

oW, Jot=2,F W, &) k=12, -- "_P)
on U, [, 00) X 2, which satisfies, for any § € KCR"\Z{ a compact set.

1) If t s sufficiently large, V pp, NK=0Q.

2) |osW,(t, ©)|<C.t for |a|>1.

3) |os(t W (E, &) —EN|+H10: AT W, ) —2(EN|KC ot~ for |a|>0.

4) For r>0, W, (t, r&)=rW,(¢, &).

5) Wk(t’ —§)= - W—k(t’ E)'

The proof of this lemma is similar to that of Theorem 3.8 of [1].

The main result is stated as the following.

Theorem. The modified wave operator
W2=s-lim e"X,
t—+too
exists, and it is a partial isometric operator with the intertwining property
AW Dy =W2es 4y, for se R and e H, (1°.

Details and the proof of this theorem are given in [2].
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