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32. On Eisenstein Series of Degree Two

By Yoshiyuki KITAOKA
Department of Mathematics, Faculty of Science, Nagoya University

(Communicated by Shokichi IYANAGA, M. . -., April 13, 1987)

Our motive is to see that the conditional theorem E in Introduction of
[5] holds unconditionally for cusp forms. To do it, we study real analytic
Eisenstein series with level, q denotes a fixed natural number 3 and we

put F--Sp(Z), E(q)-(M e I]M-- 12n mod q}, E(oo)= 0
and H-- (Z e M.(C)]Z-- Z, Im Z>O). If C, D e M(Z) satisfy CD--DC and
(C, D) is primitive, then we write (C, D)--1.

1. Definition of Eisenstein series and their relations. For Z e H
and s e C we put

E(Z, s)-- Y(M(,Z)) ,
M

E’(Z, s)=lYI (abslCZ-DI)-C,D

where M runs over (F(q)F(oo))\F.(q), Y(.) denotes the imaginary part
of., and (C, D) runs over Fl(q)\((C, D) e M,(Z) CD--DC, (C, D)--(O,

(V1 V) V e M(Q) such that qV, qVIV(Imodq). ForV-- V V
are integral, we put

E’(Z, s V)--IY exp (zi tr ((V, V)(2C V, 2D- V)))
(C,D)

(abslCZ q-D I) -’,
where (C, D) runs over F,(q)\{(C, D) e M,(Q) CD=DC, (C, D)(V,
mod 1, r](C, D) 2}.

Proposition 1. (i) E’(Z, s)=(2#SL(Z/q)) -1 -, {(abslVl)-}
E(u(a)Z, s) where a, U run over (Z/qZ)/{+/-I}, FI(q)\{U
mod q} respectively and u(a) is an element of I such that u(a)--diag(1, a
1, a) mod q.

(ii) E(Z, s) 2(q) -1 (z Z(a) L(2s, Z) -1L(2s 1, Z) -) E’ (u(a) Z, s),
where a runs over the same set a above and Z runs over even Dirichlet
characters modulo q.

(OoO1  (iii) For V= q-1 cJ ] e M4(Q) where a, c are rela$ively prime inSeger

and J-- e 1, E’(Z, s; V) is a linear combina$ion of E(aZ, s)(a e I)..

If a--1, cO, $hen E’(Z, s; V)- qE’(Z, s).
2. Analytic continuation of Eisenstein series. For Z--Z e M(C)

with a positive definite imaginary part, put
(abs IZ/SI)--- exp (2zi tr (h Re Z))$(Im Z, h s, s)
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where S (resp. h) runs over integral (resp. half-integral) symmetric matrices
of degree n. The function is investigated in [11]. We need a sharper
estimate than (4.13.K) in it"

Io(g, h; , )lAet(l+/(h, g)-)te-(’)
if lal, l14t, where A, a, b are positive constants independent of g, h, a, fl,
and/, are those in [11].

For a=-( )e F., E(aZ, s)=IYI (abslCZ+Dl)-, where (C,D) runs

over F(q)\{(C, D)[ (C, D)= 1, (C, D)=ff, 3) mod q}. We denote by E()(aZ, s)
a partial sum with rk C--i.

Lemma 1. Put S={(C, D)](C, D)= 1, (C, D)--ff, 3) mod q, rk C= 1). S
is not empty if and only if there is a v e F such that

’v--( 00) mod q

for some a, b e Z, and then put n--af--be, where

v=(*. ), ql=(n, q) and q.--q/ ql.

For w--(w) e {w e F[w--O mod q}/F(c), c, d e Z such that (c, d)=l,
c--nw, mod q, d=l/i mod q, there is the only one u e F/F(q) such that

C" =u(Co O0)t(vw)=--r md q’ D" =u(do O)(vw)-=- md
and these C, D parametrized by w, c, d are complete representatives of
I(q)\S.

The Fourier expansion of E()(aZ, s) is
q-lImZi exp (2ui tr(h ReZ)/q).(q ImZ, h; s, s)5(2s, h; a),

where h runs over hal-integral matrices o degree 2 and
(s, h; a)-- (abslCI) ( exp (2i tr(hC-D)/q)},

whexe C runs over I(q)\(C M(Z)I C- rood q, ICI:/:0}, D runs over
(D e M.(Z) mod qCA](C, D)= 1, D--3 rood q}(A-(S-S e M.(Z)}).
Lemma 2. Let q=[p be a decomposition to primes and for a

character Z modulo q, denotes a character modulo p such that -- I] .
Then we have

5(s, h; a)--2(q)- 1-[ b(Z(P)P-, h) b,( Z(p)p: , h, , a),

where runs over even characters modulo q and
b(x, h)= xrcl , exp (2zi tr (hC-D)),

where C runs over I’\{Ce M.(Z)]0<]C]Ip}, D runs over {D e M.(Z)
mod CA[(C, D)= 1},

bp,(x, h, Z,, a)= xrc exp (2ui tr (hV-ID)p) Z,(IRl),
C D R

where C, D, R run over F\(C e M(Z) 0<IC[[pT}, {D e M(Z)modpCA[(C, D)
1} and {R e GL.(Z/p?*Z) R(C, qpT’D)--ff, ) mod p*} respectively, b,(x, h,

Z,, a) is a rational function in x and the denominator is (1-px2)(1--px) if
Z 1, h--0; (1 px) if either Z:/:l, =Z=I, h=0or Z 1, rkh=l; 1other-
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AHwise, and the degree and coefficients of the numerator is O(p where A is
a positive constant independent of h and H is a sum of p-order of non-zero
elementary divisors of h.

Using these lemmas, we can express E(az, s) by L-unctions, F-
unctions and (., h;., .) (h:/:0) and we have

Theorem. Let a e F. and Z e H be in the Siegel’s fundamental domain.
Then (s-- 1/2)(s--3/4)(s-- 1)(s--3/2) I-[ L(2s, ). , L(4s--2, Z’)E(aZ, s) is an
entire function, and if Isl<t, then it is O(etlImZIta) for some a>O in-
dependent of t. Here Z, Z’ run over even characters modulo q, squares of
even characters modulo q respectively.

3. Functional equations. Put H*--{WeM.(R)IW--T+S, T--tT
>0,

zl*(q)={Me SL,(Z)]M_lmod q, MI*M=I*}(I*=(0 1)).
(V V)(V e M(R)), we putForZeH, Well*, V= V V

0(Z, W; V)= exp(--tr((ImZ)-{Z(C/V)+(D+VO}W)
C,DM2(Z)

+ ui tr ((V, V)t(2C+ V, 2D+ V))).
Suppose that qV, qVIV are integral; then

(Z, s; V) "--_I(q)\. IT!//R*t?(Z W; V)dW

=qu/-(s--3/2)(s--1)F(s+ 1)F(s + 1/2)E’(Z, s V)

f G*(W, s--1/2) ITIR*t(Z, W; V)dW,
Jd*(q)\H*

((* :) A* } T=2-(W+W), andR* dWareadifferwhere *(q)= 0) e (q)

ential operator and an invariant volume element given in [8] respectively.

For N=-( )e*(1), there are Ue GL.(Z), a, beZ such that

if, )--(aU(01 --10), bU)mod q, (a, b)=l,

and then
6*(N(W}, s)= E (w, 2s (ka, kb))

where k runs over {k rood qlk +1 rood q}/{_+ 1} and w=u+iv,(2-(W-’W)

--(-u0 u),0 v=/i2-(W+’W)l), E(w,s;(a, b))=v lcw+dl- where c, d

run over {(c, d)l(c, d)=l, c=_a mod q, d----b mod q}. Functional equations
for E ([6]) imply ones for G* and then for E(Z, s).

Theorem. E(Z,s)=o(s,a)E(aZ, 3/2--s), where a runs over left
cosets (Fz(q), F.(c)}\Fz of Fz by a subgroup generated by Fz(q) and F(c).
Here (s, a)=2-’q-/F(s)-F(s--1/2)-F(2s-3/2)F(2s-2)(2s, 0 a-).

Remark. (2s, 0 a)= -],z L(2s--2, ))L(4s--3, ) L(2s, Z) -1L(4s--2, Z) -F(Z, a), where Z runs over even characters modulo q and is a primitive
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character induced by and F(Z, a) is a polynomial in P-(Plq) dependent on
Z and a.

Corollary. Let f(Z) a(N) exp (2i tr (NZ)/q) be a cusp form of
level q, weight k of degree 2. Then we have a(N)--O(INI/2-15//5/)
where a, b are the number of even characters modulo q, of squares of even
characters modulo q respectively.

Remark 1o The estimate in Corollary will be improved, traasrming

f(Z) to F0-type cusp orms.
Remark 2. Using [10], we can get unctional equations or more

general Eisenstein series of degree 2.
Remark 3. An analytic continuation for E(--Z-, s) is easier and the

method here works for Eisenstein series of higher degree, using [4] instead
of [3].

Details will appear elsewhere.

References

1 O. M. Fomenko.: On Fourier coefficients of Siegel parabolic form of genus n. Zap.
Nauchn. Sem. LOMI., TOM 144, 155-166 (1985).

2 V. A. GriSenko" Analytic continuation of symmetric squares. Math. of USSR
Sbornik, 35, 593-614 (1979).

3] G. Kaufhold: Dirichlet’sche Reihe mit Funktionalgleichung in der Theorie der
Modulfunktion 2. Grades. Math. Ann., 137, 454-476 (1959).

4 Y. Kitaoka: Dirichlet series in the theory of Siegel modular forms. Nagoya Math.
J., 95, 73-8.4 (1984).

5 : Lectures on Siegel Modular Forms and Representation by Quadratic Forms.
Tata Institute of Fundame.ntal Research, Bombay (1986).

6 T. Kubota: Elementary Theory of Eisenstein Series. Kodansha, Tokyo and John
Wiley, New York (1973).

7 R. P. Langlands: On the functional equations satisfied by Eisenstein series.
Lecture, Notes in Math., 544, Springer (1977).

8 H. Maal]: Dirichlet’sche Reihen und Modulformen zweiten Grades. Acta Arith.,
24, 225-238 (1973).

9] R.A. Rankin: Contributions to the theory of Ramanujan’s Function r(n) and
similar arithmetical Functions. Proc. Cambridge Phil. Soc., 35(3), 357-372
(1939).

[10] W. Roelcke: Das Eigenwertproblem der automorphen Formen in der hyper-
bolischen Ebene I, and II. Math. Ann., 157, 292.-337 (1966), 168, 261-324 (1967).

[11] G. Shimura: Confluent hypergeometric functions on tube domains, ibid., 260,
269-302 (1982).


