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52. Area Integrals for Normal and Yosida Functions

By Shinji YAMASHITA
Tokyo Metropolitan University

(Communicated by Kosaku YosipA, M. J. A., May 12, 1986)

1. Introduction. We shall consider necessary and sufficient condi-
tions for a meromorphic function to be normal or Yosida ([11, [6]).
A function f meromorphic in D={|z|<<1} is called normal if
k(f)=sup A —|z[)f*(2) <oo,

where f*=|f’|/(1+|fP) is the spherical derivative. In terms of the non-
Euclidean hyperbolic distance :

a(z, w)=tanh™|¢,(2)|,
where

¢w(z)=(z—w)/(1—Wz), Z,’M)GD,
the non-Euclidean open disk of center a € D and radius tanh™ p (0<p<1)
is given by
A(a9 P)={l¢a(z)|<(7}'
Theorem 1. Let f be meromorphic in D. Then the following are
mutually equivalent.

(1) fis normal.
(2) For each A>0 there exists p € (0,1) such that
J@)—f(a)
1.1) ilelgzesdl(lfp) 1 7@ <A.
(8) There exist p and 2 in (0, 1) such that
1.2) sup J J S@—f(@) [ dxdy
wiai<t JJa@o | 14 f(@) f(2) | (1—|2])*

Here, (f(&)—f(@)/A+f(@)f(®)=1/f() if f(a)=oc0. We note that
(1—|z)~*dxdy is the non-Euclidean area element at z=x+iy € D.

A function f meromorphic in C={|2]<co} is called Yosida if

Wf)=sup fH(@)<co.
See [2], [8], [4], and [5]. We next consider the Euclidean disks :
Ua, p)={z—al<p}, aeC, p>0.

Theorem 2. Let f be meromorphic in C. Then the following are

mutually equivalent.

(4) fis Yosida.

(5) For each A>0 there exists p € (0, o) such that
1.3 J@—=J@) |4

4.3) s S i+ @)

(6) There exist p and 4 in (0, o) such that

f(&—1(@)
(1.4)  sup I J van | 1+ 7(@0)f ()

" deedy < oo.
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Let N, be the family of meromorphic functions f in D such that
lim (1—|2[)/*(2) =0,
|z| -1
and let Y, be the family of meromorphic functions f in C such that
lim f%z)=0.

2] —c0

Obviously each f of N, (Y, is normal (Yosida). The results similar to
Theorems 1 and 2 can be proved for f to be of N, and Y,, and will be pro-
posed in Section 4.

The situation resembles that for holomorphic case, the Bloch-function
criteria. This time, f— f(a) instead of (f—f(a))/(1+ f(a)f) for f holo-
morphic in D should be considered. However, in this case, we can prove
much more, and the details will be published in the other paper.

2. Proof of Theorem 1. The chordal distance X(z, w)=0 of 2z and
w in CU{oo} is given by

X(z w)=|F @) P/ [1+|F. (),

where

F,()=—w)/(1+wz) if w0,

= 1/ z if w=o0.
In the proof of (1)=>(2) we first note that
X(f(®), f(w)=ka(z, w), 2z, weD, k=k(f).
Given A>0 we can find p € (0, 1) such that
K'a(p, 0)*<<A*/(1+AY).

Then, for each z € 4(a, p), with P=X(f(2), f(a)), we have

Pt K'a(p, 0)° 2
Fio = = ~4 ’
|Fyay© S (2)] 1—P* = 1—Fk%(p, 0)* <

whence (2).

Since the proof of (2)=(3) is easy, it remains to observe (3)=(1). By
the square integral condition, the meromorphic function F, o f has no
pole in 4(a, p)(2<|e|<1). Then, there exists a holomorphic function ¢ in
the disk {|w|<p} such that

hW)=F g0 feod_s(w)=wg(w), |w|<p.
Furthermore,

2.1 l9(0)|=A—[aP)sS*@).

Since log |g| is subharmonic in {jw|<p}, it follows that

loglg(0)|£~— ” log |g(w)|dudv (w=u+1iv)

”' o< loglh(w)[dudv-{- 1 ” log———dudv

lwi<e Wi

1
<1 [_ * dudo| +log L+ 1,
-2 i o’ f.[lw[q (hGo)f* du v]+ o8 0 + 2

whence
2 -1,1/2 1 2 12
@2 A—laP @ =<p 6’[;,,—2 [ inaor duar]

On the other hand, since
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A-]zP) g1 (zeD),
it follows on setting w=¢,(z) that

1 2
(2.3) n—pz”ww | h(w)[F dudw
- 2 ” |F oy ° S(R)F|gu(R)[ dady
(4 4(a,p)

1 . dwdy
< -
= fL(m |F a0 f' (z)| A—izpy

It now follows from (2.2) and (2.3) that
12 -1,1/2 J(@)— —f (a) dxdy e
@4 (I—laB@=pe" [np ;{J‘A(a 1) (1—-|z|2)2] ’

where 2<|a|<1. Since f*is continuous in D, it follows that f is normal
in D.
3. Proof of Theorem 2. The proof is in spirit the same as that of
Theorem 1 and will be only sketched.
For the proof of (4)=>(5) we note that
X(f2), flan=lp  for ze U(a, ), I=1U()).
Letting p>0 so small that Ip*<<A?/ (1+A2), we obtain
IF )0 0 FRP< i v ‘;2 <A,  zeU(a,p).
Since (5)=>(6) is trivial we prove (6)=>(4). This time we consider
Fioo fw+a)y=wg(w), |w|<p.
Then, |g(0)|= f*(@), and our final estimate corresponding to (2.4) is

4. N,and Y, functions. It is now an easy exercise to prove the fol-
lowing, in particular, with the aid of (2.4) and (3.1).

Theorem 3. Let f be meromorphic in D. Then the following are
mutually equivalent.

(7) feN,
(8) Foreach pe(0,1),
lim f@—F@

L+ r@r@ |
(9) There exists pe(0,1) such that
” f@—f@ [ dedy _
lal"’l a,p) A —|zPy
Theorem 4. Let f be meromorphic in C. Then the following are
mutually equivalent.

la|—1 z€4(a,p)

10) fe¥,.

(11) For each p € (0, ),
lim sup | S@=S@ |_
lal—co 2€U(a,0) 1+f(a)f(z)

(A2) There exists p € (0, o0) such that
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la,l'*°° IIU(a, 12]

xdy 0.

1+7@f @) +f @) f(?)
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