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1. Introduction and equations. Inthe previous paper [2], we justified
the magnetohydrodynamic approximation locally in time for certain two-
dimensional flow of an electrically conducting compressible fluid. It was
proved that the magnetohydrodynamic equations were obtained as the
singular limit of the complete equations at the vanishing of the dielectric
constant. The aim of this note is to justify the approximation globally in
time in case where the fluid is viscous and heat-conductive.

The equations considered are

o0+ div (Pu) =0,
e+ -Nywy+Vp=div QuP+ /I div u)+J X B,

(1) pes(0.+u-Vo)+0p, divu=div &F0)+ ¥ +J(E+u XB),
eE,— 1 /y) rot B+J =0,
B,+rot E=0,

(2) div B=0.

Here and in the sequel, we use the notations for two-dimensional vectors.
The unknowns p>0, u=(u', u%), >0, E (scalar) and B=(B', B*) represent
the mass density, the velocity, the absolute temperature, the electric field
and the magnetic flux density, respectively. They are functions of time
t>0 and space variable x=(x, z,) € R®. The pressure p and the internal
energy e are smooth functions of (p, ) such that p,=0dp/9p>0 and e,=de/df
>0. The thermodynamic law de=0dS—pd(1/p) is always assumed, where
S (the entropy) is a smooth function of (p, §). P is the deformation tensor,
whose entries are P,;=(1/2)(d,u*+0,u’), i, j=1, 2, where 3,=0/3x,.
¥=2p 3 P+ p/(div w)

is the viscous dissipation function. The current density J (scalar) is given
by Ohm’s law J=0(E+uXB). The viscosity coefficients p and p/, the heat
conductivity coefficient £ and the electric conductivity coefficient ¢ are
smooth functions of (p, ) such that x>0, 2u+>0, k>0 and ¢>0. The
dielectric constant ¢ and the magnetic permeability p, are assumed to be
positive constants.

The magnetohydrodynamic equations corresponding to (1), (2) are
given by

pt+diV (ou) =0,
(3) o+ u-P)w)+Vp—@1/p) rot BX B=div 2uP+ I div w),
0es(0,+u-Vo)+6p, divu=div \Vo)+¥ +(1/orf)(rot B),



182 S. KawasHIMA and Y. SHIZUTA [Vol. 62(A),

B,—rot (u X B)= —rot {(1/ap,) rot B},

(4) div B=0.
In this case, the electric field is determined by the relation
(5) E=E(p, u, 0, ByY=—uXB+@1/oy,) rot B.

2. Global existence. We consider the system (1), (2) with the initial
data
(6) (.0, u, 6, E, B)(Oy 90)=(05, us, 05, K, BS)(W)‘
Let s>3 be an integer, and let >0, >0 and B e R* be fixed constants.
We assume the following conditions on the initial data.

(7)) For each ¢ € (0, 11, (0i—p, ui, 0:—0, E, Bi—B) e H®,
inf {pj(x), O5(x)} >0, and div B;=0 on R®.
(8) sup || (0§ —p, uf, 05—0, ", Bi— B)|l, =K, < +oo.

Let us denote by X*(T) the set of all functions (p, %, 6, E, B)(, ) satis-
fying the following conditions: (o—p, u, 6—0, E, B—B)e C°0, T; H*),
D (u, 6) e L*©0, T ; H*), 3,(0, E, B)e C°(0, T ; H*"") and 9,(u,0) e C°(0, T'; H*"?)
NL*0,T; H""). Letee(0,1]andte[0,T]. For U=(p, u, 6, E, B) € X*(T),
we define M.(t; U) by
( 9 ) M.(t; U)2=OSS112 ||(,0“,3’ Uu, 0_9’ 51/2E’r B—B)(T)”ﬁ

13
+[ 1D, B, BYO) -+ 1 Do, @) [+ B+ ux B [ .

The following result concerning the existence of global solution of (1),
(2) is proved in the same way as in [1] (Theorem 3.2).

Theorem 1. Assume (7) and (8). Then there exists a positive con-
stant 8, independent of ¢ € (0, 1] such that if K,<é,, the initial value problem
), (2), (6) has a wunique global solution U®=(*, ', ¢°, E*, B*) € X*(+ o),
which satisfies the estimate M. (t; U< C.K, for any t € [0, c0). Here C,=
C,(8) is a constant independent of e. Furthermore, for each e, the solution
converges to the constant state (g, 0, 8, 0, B) uniformly in x € R* as t—co.

3. Estimates for time derivatives. In order to get sharp estimates
for time derivatives of the solution, we make additional hypotheses for the
initial data:

(10), sup e || B3 — B (o, u, 04 Byl =K <+ oo,

10), sup 28 | rot Ej|l,.; =K, <+ o0,

where >0 and g € [0, 1/2] are independent of ¢ € (0,1]. E(p, u, 6, B) is the
function in (5).

Leteec (0,11 and te[0,T]. For U=(p, u, 6, E, B) ¢ X*(T) and 7€ [0, 1],
we define N.(t; U, 1) by

A1 Nt U =sup 000+ [ 106w, 0, BYO s e

¢
+er{sup |6 °E, BYDIE1+ [, 10E@R-. ds .
Proposition 2. Assume (7), (8) and (10),,. Thenthere exists a positive
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constant o, (<90,) independent of ¢e (0, 1] such that if K=K,+K,+K,<é,,
the solution U= (p%, W, 6°, E*, B*) € X*(+ o) constructed in Theorem 1 satis-
fies the estimate N (t; Us, )+ || E*(D)||,-.<C.K for any t €0, o). Here p=
max {128, 1—-28} € [0, 11, and C,=C,(3:) is a constant independent of .

We give the outline of the proof. Let R.(t)=sup {|(E*+u*XB)()|,-:;
0<r<t}. By the argument similar to that employed in the proof of
Proposition 3.1 of [2], we get the inequalities

3
(12) 10 @1+ [ 106, w, BIOIE-, de<CK?,
as) [100:@. de <RI+ CR R,
{3
a4 o{l0 B BY® [+ [ 10E@)-, de)
<CK*+C(K,+ RNt U 1,
) RM<CE,+N.(t; U, 7).

Here we used the estimate M.(t; U)<C,K,. C=C()) is a constant inde-
pendent of e. The conclusion of the proposition follows from the combina-
tion of the inequalities (12)-(15).

4. Convergence as ¢—0. In addition to the conditions (7), (8) and
(10),,,, we assume the following : There is a function (o}, uj, 6, Bf)(x) with
(03—p, ud, 65— 8, By— B) € H* such that
(16) sup e’ Il (0§ — 00, u§—us, 0;—64, Bi— Bo)||,-, =K, < + o0,

where >0 is independent of ¢ ¢ (0, 1].

Let Y*(T) be the set of all functions (p, u, 6, B)(t, «) satisfying the fol-
lowing conditions: (o—p, ,6—8, B—B)e C°(0, T ; H*), D, (u, 6, By e L*0, T;
H*), 8,0 C°0, T'; H*-*) and 8.(u, 6, B) € C°(0, T'; H**)N\ L*0, T'; H*"").

Theorem 3. Assume (7), (8), (10),. and (16). Then there exists a
positive constant J, (<0,) independent of e e (0, 1] such that if K=K,+K,
+ K, <d,, the solution (o°, w*, 6%, E¢, B*) € X*(+ o) constructed in Theorem 1
satisfies the following properties: Let T >0 be arbitrary. Then (o, u°,
0°, E¢, B*)(t, x) converges on [0, T1 X R* to a function (o°, u’, 6°, E°, B°)(t, x) as
e—0. The limit function (o u’, 6°, B)(t, x) excepting E°(t, x) is a unique
solution tn Y*(T) of the magnetohydrodynamic equations (3), (4), with the
wiatial condition (o, ', 6° B°)(0, x)={(pf, us, 65, B)(x). Also, the equation (5)
holds for the limit function. Moreover, the following estimate holds for
te[0, T] and ¢ € (0, 1].
amn | (o* — 0’y u* —u’, 6°—6°, B*—B)(D|;-,

+[ 1=, 0 =)@ [+ B~ BV p-, de <O Ko,

where C,=Cy3;) is a constant independent of ¢, and A=min {r,1—7/2}>0
(n ts determined in Proposition 2).

This result can be proved by the energy method employed in the proof
of Theorem 5.1 of [2]. We omit the details.
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