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92. Remark on Nilpotency of Derivations

By Lung O. CHUIG,*) Yuji KOBAYASHI**) and Jiang LUH*)

(Communicated by Shokichi IYAN_G_, M. J..., Nov. 12, 1984)

Let R be a ring and 3 be a derivation of R. 3 is called nilpotent
i 5nR=O or some psitive integer n. The nilpotency o is the
smallest such n. Let R be a semiprime ring. It was proven in [1]
and [2] that the nilpotency o 3 is power of 2 if R is of characteristic
2, and it is an odd number if R is 2-torsion ree. The results are best
possible when the characteristic is 2 or 0. When the characteristic is
an odd prime., the results can be sharpened. In this note we give a
precise result in case o positive characteristi_c and complete the study
o nilpotency of derivations in semiprime rings.

Theorem. Let R be a semiprime ring of prime characteristic p
and be a nilpotent derivation of R. Then the nilpotency n of is of
the following form"
* ) n-croP +cr/P++... +P,

where OLM, are nonnegative integers less than p, c is odd and
crL+, , are even.

Proof. When p--2, the theorem asserts that n is a power o 2,
this agrees with the results in [2]. Let p>=3 and write n
+... /flp with 0fl.p, 0M and fl:/:0. Let L be the greatest
among the i’s such that fl is odd. Let D=3", then D is also a deriva-
tion ot R and D 0, where l= 1+///p+. +p’-. Since
is even, 3(-1)=D--0 by the main theorem in [1]. It tollows that

np(1--1)-flp+fl+p+l + +p.
This implies n-- flp+fl/p’+ +. +fl,p and fl is odd and , .,

are even, as desired.
The theorem is best possible in the ollowing sense" For any

number n of the form (*), there exist a prime ring R of characteristic
p and a nilpotent derivation 3 of R with nilpotency n. In fact, let
m=[n/2]+l, where [n/2] is the greatest integer not exceeding n/2.
Let R be the m m matrix ring over a field of characteristic p and let
A=E.+E+... +E_,, where E is the matrix with 1 at (i, ])-
position and 0 elsewhere. Let 3--adA be the inner derivation induced
by A. We claim that has nilpotency n. If p is odd, then n--2m--1.
Since A=0, we have 3=0. On the other hand 3-’ is not zero,
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because3n-lX-(-1)-l(--)A-lXA-l forany XeRand

0 (mod p) by [1, Lemma 3]. If /9=2, then n=2m--2. We have

0nX= (--1)-l(mn--1)A-XA-’=O for any XR, beau.use (_)isl
even. Since A-’0, there is Y e R such that A-’YA-’O. Hence

3-’(AY) (--1)-’(-)A-’YA-’O, because (--) is odd. In

either case the nilpotency of a is n.
More generally, the argument above combined with Theorem

shows
Corollary 1. Let R be a semiprime ring of prime characteristic

p. Let a be a nilpotent element in R of nilpotency m. Then the
nilpotency of the inner derivation induced by a is the greatest integer
of the form (*) not exceeding 2m--1.

I the cha.racteristic q of a semiprime ring R is positive but not
necessarily prime, then q is a product of distinct primes p,, p, ..., Pr
and R=R,@R@. .@Rr, where R={x e RIpx=O}. R is a semiprime
ring of prime characteristic p and 3RR or any derivation 3 of R.
Therefore, the nilpotency of 3 is equal to the maximum o the nil-
potencies of the restrictions o 3 to R, (i=1, 2,..., r). Hence by
Theorem we have

Corollary 2. Let R be a semiprime ring of positive character-
istic q. Then the nilpotency of a nilpotent derivation of R is of the

form (*) for some prime divisor p of q.
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