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By Shizuo NAKANE
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(Communicated by Koésaku Yosipa, M. J. A., Oct. 12, 1988)

In this note, we shall consider non-characteristic Cauchy problem
for a class of partial differential operators with C~-coefficients con-
taining some degenerate elliptic operators. Our purpose is to give
necessary conditions for uniqueness on the lower order terms of oper-
ators. And we shall extend the results of our preceding papers [1]-[3].

Let U be an open neighborhood of the origin in R¢*'. And let
P=P(,x;9,,D,) be the following operator of order p in U:

(1) P=@,—t'C(t,z; D,))*+t*A(t, x; D,)—t"B(t, x ; D,)
+3 S OB, (t, @ D)o,

Jj=1is4
where

9,=0/dt, D,=—+v—=1@/dx,, - - -,8/dx,),
k, 1, m, m(@j,7) e N={0,1,2, -- -}, A, B, C, B,,, are partial differential
operators, homogeneous order ¢, ¢g—r, 1, ¢ with respect to D, respec-
tively, whose coefficients are C~ in U and p=q>r=1.
Then the following theorem is a corollary of Theorem 1.1 of
Nakane [2].
Theorem 1. Suppose

(2) pram 4 o prit@—gm
q—r p—q+r
P pr

We also assume that there exist & e R*\{0} and a branch D(&) of
(B(0,0;8)—A(0, 0; &) satisfying

(4 Re D(§")>0,
A(0,0;&o) _2 o

Then there exist an open neighborhood U’ of the origin in R*** and
C=-functions u, f in U’ such that
(6) Pu— fu=0, (0, 0) € supp u{t=0}.

Remark 1. Assumption (2) is equivalent to assumption (1.9) or
(1.13) of Theorem 2 of Nakane [1]. Hence this theorem is a generali-
zation of Theorem 2 of [1].
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Remark 2. As in Remark 1.4 of [2], we introduce Newton poly-
gons. In the (X, Y)-plane, we plot the following points:
R,=(@/p,—1), R,=(,k/p), R;=(r/p,m/p),
R,=(@/p—-1,D), P,,=(q/p—i/j,mG,)/D.
The first inequality of (2) implies that R, is located below the line
passing through the points R, and R,. The second inequality of (2)
implies that R, is located above the line passing through the points R,
and R,. Assumption (3) implies that all the points P, , are located
above the line passing through the points B, and R,. Hence above
theorem is a corollary of Theorem 1.1 of [2].

Now we consider the case k>w.

P—q+r
Theorem 2. Suppose
(7 k> pri+@—gm ,
p—q+7r
(8) m<(+1)(g—7)—Dp,
(9) mG, )>li+-"=PL (j—q).
p—q+T
We also assume that there exist & e R*\{0} and a branch B(0,0;&)"?
satisfying
10) Re C(0,0; &)+Re B(0,0; £)»>0,
(1) p» Re C(0,0;¢)+4(¢g—7) Re B(0, 0; £9"»<0.

Then the same conclusion as in Theorem 1 holds.

Remark 3. In terms of Remark 2, assumption (7) implies that
R, is located below the line passing through the points R, and R,.
Assumption (8) implies that R, is located below the line passing
through the points R, and R,. Assumption (9) implies that all the
points P, , are located above the line passing through the points E,
and R,.

Example. We consider the following operator in R*:

P=(az—tle)p—th(t’ x)Dg:—T,

where Be C~(U) and p=¢>r=1. Since it corresponds to the case
A=B, =0, assumptions (7) and (9) are automatically satisfied. We
assume (8) and we consider assumptions (10) and (11). By considering
the effect of the similarity transformation: x—h« for some h € R, we
have the following.

Case1l. When p=3, assumptions (10) and (11) are satisfied if
B(0, 0)2:0.

Case 2. When p=¢=2 and r=1, assumptions (10) and (11) are
satisfied if B(0, 0) € C\[0, o).

Remark 4. Consider the following operator in R*:

P=©,—t'D,)—t"B(, x)D,+C(, 2),
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where B, C e C*(U). In [1], we showed that uniqueness holds for P
if m>1—1. Recently Okaji [4] showed that uniqueness holds for P if
m=l—1. Furthermore, Prof. K. Watanabe pointed us that uniqueness
holds for P with m<l—1 if B(t,x)>0. Hence assumptions (8), (10)
and (11) are indispensable.

Finally we consider the case k=w.

P—q+r
Theorem 3. Suppose (8), (9) and
12) - pri+®@—gm .
p—q+7r

We also assume that there exist & e R*\{0} and a branch D(&") of
(B(0,0; &)—A(0, 0; &)/ satisfying
(14) pReC(0,0;¢)
®—q+7)(m—k)AQ,0; &) 0
e (e ho0; 8 Hamr)P@}<o.

Then the same conclusion as in Theorem 1 holds.

Remark 5. Assumption (12) implies that R, is located on the line
passing through the points R, and R,.
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