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1. LetZ[A,A, ---,A, ---]1be the ring of polynomials in count-
ably infinite variables over Z. Let
F&XY)=X+Y+ >, ¢, XY’
i+j22

be a commutative formal group over Z[A, 4,, ---,4,, -1
Let a,e R(:=1,2, - -.), R being as in [5], and let
[ Z[Al’A2, . ‘,At’ . ’]"_)R
be a ring homomorphism defined by ¢(4,)=a, and ¢(d)=d if d is in Z.
Let
o F/(X, Y)=X+Y + A§22¢(Cu)X¢Y’.

Then ¢, F,(X,Y) is a formal group over R. We shall call
0, F (X, Y) a specialization of the generic formal group F,(X,Y).

In general, let A, B be commutative rings. Let1: A—B be aring
homomorphism, G(X,Y) formal power series with coefficients in 4.
We denote the formal power series obtained from G(X,Y) applying
the homomorphism 2 to the coefficients of G(X, Y) by 1,G(X, Y) (cf. [1]).

We shall consider F,(X,Y) and a,cR, consequently also
0 F,(X,Y), as fixed, and denote this ¢, F (X, Y) simply by F(X,Y).
If we reduce the coefficients of F(X,Y) mod p, we obtain a formal
group over k& which we denote with F(X, Y).

On the other hand, let g be a polynomial in Z[4,, A,, ---,4,, - - -1.
We define +(g9) to be the polynomial which is obtained from g by re-
ducing its coefficients mod p. Then

1P‘: Z[Aqu’ v "Az, - ‘]_.‘—)Fp[Al’A2’ . "An v ]
is a ring homomorphism, v,F,(X,Y) is a commutative formal group
over F,[A, A,, ---,A, ---]. Denote this ¢, F,(X,Y) by F,(X,Y). If we
denote with ¢ the ring homomorphism F,[4,, A4,, ---, A, ---1-k de-
fined by #(4,)=a, mod p and @(d)=d if d is in F,, we have clearly
7. F (X, Y)=F(X,Y).

Let us define [m] (X)=F ,(Im—1],X), X), WA(X)=FA([m—1]A(X)y
X), and [m](X)=F([m—11(X), X), inductively like [»](X) in [5].

Then the following diagram (D) is commutative.
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[m],(X) -5 [m](X)
(D) Ve reduction mod p
[, ()22 [m](X)

The following result is well-known (cf. [8] Lemma 5, p. 266).

Let [p](X)=0 (resp. [p],(X)#0). The exponent of X in the first
non-vanishing term of [p](X) (resp. [p],(X)) is a p-power p* (resp. p*).
Moreover [p](X) (resp. [pl,(X)) is a formal power series in X?* (resp.
Xy, If [pl(X)=0 (resp. [p].(X)=0), we shall write h=oco (resp.
h = o0).

Then h (resp. k') is called the height of F(X,Y) (resp. F (X, Y)).
‘We call z also the height of F((X, Y) following [1].

For a e Z, we define co+a=00-00=00, ¢/ c0=0, a<oo, and if a
>0, ©0-a=0"=oc0.

2. By the above result and the commutative diagram (D) we
obtain the following

Lemma. (@) If c¢,e¢pZ[A, Ay -, A, -1 in [pl(X)=pX
+ >, ¢, X!, then m is a multiple of p™'.

(b) Let [plX)=pX+2.7,d X" where d,=¢(c), and d,epR
whereas d,;=p, dy, - -+, d,_; € pR. Then s=up™, where y is an integer
>1. If all d,e pR, we shall write u=co.

() We have p™ < up™ <p*, also when h'=co or p=oco0 or h=oo.

Now let <h<oco. From Lemma, we get the following formula.

(1) P10 =pXg,X) + T, X9, +X79,(X)

where g,(X), 9.(X), 9.(X) € RI[[X]] and r=p**. The first term d . of
9,(X) is a unit in B. Moreover the coefficients of ¢,(X) belong to p,
9,(X) has a non zero constant term d,,., which is not in pE, and ¢,(X),
9,(X) € RI[X*"]] (cf. [4], [7]D).

From now on, we shall use the notation %/, g, & always in the
above sense.

Now we put

p=Min (Max (-2, ¢ ), ¢ ).
p¥—1" p"—1/" up"—1

Then we get following Proposition 2, by the definition of « and Lemma.

Proposition 2. We have =, where a is defined as in [5].

Remark 1. (a) If n>e/(p—1), we have (p", +)=p" as R-module.
In fact, we have e/(p—1)=p=e.

(o) Let F(X,Y)=X+Y-+4+XY. Then

(X)=log (1+X)=X— Lx+ -+ D g

Put U"={1+x|x ep"}. Then an isomorphism p: U*—(p", +) is defined
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by pl+x)=2. Thus, for n>e¢/(p—1) U"=p" as R-module by log.
This is a classical result (cf. Serre [6] p. 220).

Remark 2. Let F,(X,Y) be f3'(fr(X)+f+(Y)) over Z[V,V,, - - -,
V. -+ -1, where

D=3 aMX™,  a)=1,

i1 T1+ia+ere+igp—1
I/'hvg’2 .. 'V%

G1+ig+eeetip=n p"

a,(V)=

If we substitute v, e R to V,, we obtain p-typical formal group
which we denote F,(X,Y). It is known that every formal group
F(X,Y) over R is strictly isomorphic toa F,(X,Y) over R (cf. [1] p. 94
15,2, 9)) and the height 2 of F' is equal to the height of F',.

Thus, we have the following result for any formal group F(X, Y)
over R from Theorem 1 and Proposition 2, by replacing F,(X,Y) by
F(X,Y). If n>Max((e—1)/(p—1), e¢/(p*—1)), (p", +) is isomorphic
to p" as R-module.

For u ¢ (p, +) with a finite order, which should be therefore a p-
power, we have the next

Theorem 2. (a) If we (b, +) has a finite order, then

e
v(u) = _;tp"'-— 1
(b) If the order of u is p", then

< e
M= (up™)" — (up™)*~*

(cf. Lang [7] p. 62).
Let p={z|z € K, o(x) >0}. For a real number >0, put S={x|x ¢ p,
o(x) =2, [pl(x)=0}. The elements of p as well as p form a commutative
group (B, +) and S is a subgroup of (§, +). If the cardinal of S is
p, S is called the canonical subgroup of F' ([4], [7]). We obtain follow-
ing Theorem 3 without using the concept of “the standard generic
formal group” in Lubin ([4]).
Theorem 3. Let h<<co. F has a canonical subgroup S, if and
only if one of the following conditions (a), (b) is satisfied
(@) h=1
(b) h=2, =1 and p=1, and for every t with 1<t<p*~?,
w(d,)< (tp—p)e + @—Dv(d,,)
tp—1
where d,, is a constant term of 9.(X) in (1).
Then S={x|xz e, [pl(x)=0, o(x)=a} U{0},
e—v(d,)
p—1

where a=
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We can prove this theorem by using the Newton polygon of [p](x)

as in Lubin ([4], Theorem B, p. 110).
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