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62. On Certain Generalized Gaussian Sums

By Michio OzEKI
Department of Mathematics, Nagasaki University

(Communicated by Shokichi IYANAGA, M. J. A., May 12, 1982)

§1. Statement of the main result. Let p be a fixed prime dif-
ferent from 2, and ¢, ¢, ¢, be integers which are prime to p. We
denote the diagonal matrix of degree m with diagonal elements
&y, Uy - vy @y DY
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Let S=Q) {1 1> | --- 1 1> | (&) be a diagonal matrix of degree

m>4, and put
T={ep") | {esp?)
where 7, s are non negative integers such that r<s.

Let ¢g=p“ be a sufficiently large power of p and M, ,(Z) be the set
of m X2 rational integral matrices, then the quantity A,(S,T) is de-
fined to be the number of the solutions X in M, ,(Z), which are
different mod ¢ one from another, of the matrix equation
(1) tXSX=T (mod q),
where ¢X is the transposed of X. There is a formula which expresses
AS,T) as a kind of exponential sum, so called generalized Gaussian
sum. (For details the reader is referred to [1] or [8].) Let v, {x) be
a function of a real variable x defined by

%) =exp 2riz/q).

Let B=(b,,) be the binary symmetric square matrix with coefficients
in Z, and C be an element of M, ,(Z). By B(g) we understand that
the quantities by, 2b, and b, run independently modulo ¢ and by
C (mod ¢) we understand that the coefficients of C run independently
modulo ¢q. Then the formula mentioned above reads

(2) ¢AS, )= B;) . {tr {((CSC—T)B}),

C’(mgd qQ)

where tr is the trace of the matrix. Let G be the ordinary Gaussian
sSum G=73, o, €Xp (2riz’/p) and (x/p) be the Legendre’s symbol, then
our main results are given by the two theorems.

Theorem 1. Let the notations be as above. If q=p°, a=s+1,
m=1 (mod 2) and m=5, then A/S,T) are given by
A8, D= (1—p=){ 5 peemeg (TE pene-mn S pe o)

=0 P =0
if s=r and s=r=1 (mod?2),
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2m-3(] 1-m e R” 4—-myp — &3 GrHiptren@E-my/2-2 @ (m-2)p
=q ( —D ) ZO D + “*‘1‘)‘*“ » Z V4
=

r=0

if s=r+1 and s=0,r=1 (mod?2),

r/2 (s—7r=38)/2
=q2m-3(1_p1—'m.){z p(4—m)p+p2'r+3—(r+2)m/2 Z p(s_m),,
—¢ - /2 #(=so—r—1)/2
+< 132>Gm+1p3r+1-(r+1)m [Z p(m—Z)p][ Z p(g_m),,]
p #=0 #=0
— r/2-1 (s—r=3)/2
___(____-e_li)Gmﬂp:irH—(rH)m [Z p(m-zw][ Z p(s—m),‘]}
p u=0 ©=0
if szr+1 and s=1,r=0 (mod?2),
r/2 —ee (s—7r=2)/2
=q2m—3(1__pl—m){z pa_m)p_l_( 1_g_)Gm+1p2r+1—('r+2)m/2 Z p(3—m)p
7=0 p r=0

/2 (s—=7r—2)/2
+p37+3—(r+1)m[z p('rn—-Z)y Z p(S-m)/.e

#=0 #=0

a3 ] r/2-1 . (s=r=4)/2 o
—(r+ - -m
—p T+3-(r )m[ zo p(m )P][ zo D )F‘]}
n= =

if s=r and s=r=0 (mod?2),
where in the above formulas we should understand that the sum
vanishes if the upper bound of the summation is negative. For ex-
ample,

(8=7r—2)/2

Ppe-mMe=( if s—r—2<0.

©=0
Theorem 2. We put a=(e,/p)G™p ™ and B=(—ex,/p). If q=p°,
a=s+1, m=0 (mod 2) and m=4, then A(S,T) are given by

Aq(S, T) =qz”‘—s(l—0()(1-I-CU,BI?){(].—aﬁp)p("l)(““m)/?

(r=38)/2 P=or—2—-21
tap—app) 3, 0o peor]
A=0 =0
(r=1)/2 : (s=7)/2
+ap(7-1)(3—7")+2(1+ap)[ Z p(m—Z)ﬂ][ Z p(3—‘m)ﬂ]
=0 =
(r=1)/2 : (s—-‘r-—Z)/I; ’
—ﬁp”s"”)(l—l—ap)[z p<m—2>p][ > p(s—mw]}
»#=0 =0

if s=r and s=r=1 (mod2),

— qu—S(l _a)(l__aZPZ){p(T—l) (4-—m)/2+ (:_Zj:/z p(4—-m)1 [

(r—38)/2

r—2-22
2 (4-m)2 @B-m)p
+ap ;}) y4 [;]0 P ]
r(3-m) (r-1)@-m)+2 r R (m-2)p (s-z5n/ B-m)p
+|» +ap P 2, D

#=0 #=0
if sz=r+1 and $=0,r=1 (mod2),

=2/

=g (@)1 -ap){A+ap) 3 por
#=0

r—=1-22
0

p(s— m)#]

p=
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(r—2)/2 62 2 r/2-1-2 .
+pt " x20: p‘"'"’[ 20: p“"‘”‘]
-~ =
6-2m 5-m 8—2m s (8-2m)2 /AR “4-m)p
+@ "t ap* "+ ap ):Zép Z}) P
= e

b 3 3 L 2 1)@ 2 =y ( 2
- - - ~1)(38-m)+ m-
-+ [ Z p( m)#] [pf( m) Z ) p(m )#_‘_ap(f ) ( ) 20: D )Il]}
u= =

#=0

if s=zr+1 and s=1,r=0 (mod2),
(r=2)/2
=g 1 —) L+ app){(L—app)L+ap) 3, P

+orA—afp) 3, pe-t [mflﬂ p“"""”]
2=0 #=0

+(1__aﬁp)(pe—zm+ap5—m+ap8—2m) 'r/ZZin(e—%n)l[r/Zi—l p(4—m),u:|
2=0

#=0

(s—=7)/2 r/2 (r—2)/2
+ap(r—1)(3—m)+2[ Z p(s-m)n][apz p(m-Z)#+ Z p(m—Z).u
#=0 #=0 #=0

(s=7r—2)/2 r/2 (r—2)/2
....ﬁp"(a—m)[ Z p(3~m)é‘] [apz p(m-Z)P+ Z p(m-Z)y]}
7=0 =0 »=0

if s=r and s=r=0 (mod?2),
where in the above formulas the sum vanishes if the upper bound of
the summation is negative.

§2. Applications. Theorem 1 can be applied to derive explicit
formulas for the Fourier coefficients 4,(T) of Siegel-Eisenstein series
of degree 8 and of weight (k is even) for the ternary primitive 7.
With the aids of the present work we are preparing a table of those
values A,(T) in the range where 2<det (2T)<100 and 4<k<24 ([4]).
Theorem 2 will serve to give explicit formulas for Eisenstein series of
degree 2 and of even weight k for the general binary T. Concerning
this, there is a table by Resnikoff and Saldani [5] which gives mainly
the values of A,(T), the Fourier coefficients of Eisenstein series of
degree 2 and of weight 4, for many primitive T°s and for a few im-
primitive T”s. For the further arithmetical investigations of Siegel
modular forms of degree 2, it would be desirable to enlarge the above
table of Resnikoff and Saldana. Theorem 2 is useful for this purpose.
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