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73. On Cayley-Aronhold Realizations of sl(n+1, K)

By Hisasi MORIKAWA
Department of Mathematics, Nagoya University

(Communicated by Kunihiko KODAIRA, M. J. A., June 11, 1981)

1. In the present note, we shall sketch an outline of invariant
theory of formal power series in (r+ 1) X (n —r)-variable matrix
2=(Z4ozazrr+121<n With respect to sl (n+1, K).

First, we shall list notations freely used :

K : a fixed field of characteristic zero,

n: a positive integer,

r: a non-negative integer satisfying 0<r<n,

Bty s By7 -+ run over {0,1,2, - - -, 7},

a,b,¢---,0,0,¢,--- runover {r+1, r+2, --.,n},

z07+1, ’ zOn
z=| - - | a variable (r41) X (n—7)-matrix,
Rrrsty * s Ryn

..« the specialization of z such that

2 {1 B, b)=(a, @),
0 B, D)#(a, o),
l()r+1’ Tty On
L= : - ||l run over non-negative integersj,
r7+1’ te rn
=] 2k,
a O()al laa
(3’? <8zw ) ’
l =l_[ laa . lez laa’

a,a

€aps Cuas Cams €yt the (n+ 1) X (n+1)-matrices whose only non-zero
entries are, respectively, the (¢, p), («, @), (a, ), (a, b)-entries with value
one.
Remark.
I+e)!=l!l,,+1)
1 U e+ D +2) (a, @) =(B, b),
Crenten!={y, ot DUn+2) (@, @)% (8, D),
2 U4e)=221+1, > (+ew—em)=21 @n»=>D.
2. We denote by £§=(£"),. » a vector of infinite length with in-
determinate entries, and choose an element w=+0,1,2, ... in K. The
basic formal power series is defined by
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Fel=3x W ewy,
el Al
where
(w),=ww—1) - (w—>I+1).

Two systems of operators acting on polynomial algebras K[£] and
K][z] are defined by

0
D,,— ,
R
Daa_ a )
0%,
D — 0
( 1 ) W aa*“wzaa—g zaczra-a_;_’
s re
Dab_—zza’“‘a—_’
7 " az,b
Hua_w—zzaca —Z ra =w"‘Daa+Daaa
a,ﬁ_z(zzﬂcsu n
e )
=20 =20 Do
D=3 0= T 14+ 1" { ( —Zlac——zlm+lm+1>§<z—em>
(2) A : (Z_T_ vl @
—;alaclrae ac=¢ra rc}__‘:ém
c#a
a,b_—z (Z lra‘s(l Ara-ﬂrb)) Ea(l) (a:/:b)’
R G e

By simple calculation we have the following
Lemma 1.

- EpfE12)=D, f(§]2) (a£p),
4,.fE|)=D,.f(&|?),

(3) 9D.fE|2=D..f(E]2),
FufElD)=D, f(E|2)  (a#D),
" Hoof E12)=H, . f(]2).

Lemma 2. The mapping
'6aﬁ‘_‘”>D «B (@ ,3),

eaa‘__)Daa,

(4)  qew—Duo

eab‘“‘—’Dab (as=b),

‘— €t oa—>Ho
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induces an anti-realization, anti-isomorphism, of sl (n+1, K).
Since the operators (2) commute with the operators (3), by virtue
of Lemmas 1, 2, we have the following
Theorem 1. The mapping
€op—>E,p (a=£p),
[eaa'_’)daar
(5) > Daus
1eab'_‘)gab (@=£b),
— ot Cas—>Hoa
nduces a realization, and isomorphisms, of sl (n-+1, K).
We call this isomorphism Cayley-Aronhold realization for f(£]z).
Remark. For special case »=0, denoting z,,=2,, lye=1lus €oc="¢a>
doa=doy D=9, Hoo= é‘{a, we have simple expression:

fD Zl gu- m)as(l)
4, w—  DEtree ——

(6) ! —pemne aew
=3 =T 1-10e" L,
(Fo= =Tl 0 @),

as(b
Remark. For n=co we may use the same expression of Cayley-
Aronhold operators (2).

3, Before defining semi-invariants and covariants, we define
Cayley-Aronhold operators to several basic formal power series

J DRSS L@;’—;)Ls;”z‘,

| fuevia=5 Whispa,

1

as follows
N

N N
=268 du=2 40 Doa=2, D
s=1 s=1
N
Far=22F0r  Hea=2 3 I
s=

where £, 48, DO, F&), I are Cayley-Aronhold operators for
S [2).
Definition 1. Elements of the subalgebra
S={pe KI[£]|C.s0=Ds0=F 000=0 (a8, a#b)
are called semi-invariants of (fi(&|2), - - -, fx(Ex|2)).
Proposition 1.

(7)) e=pem, SM={pe S| Hup=up 0<a<lr, r+1<a<n)}.

2!!
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This is a consequence of the relations
j[aa—'ﬂ[ﬂaz —[8aﬁ’ 8,5.1] (C(?&‘B),
ﬂﬂa_ j(ﬂb =—[F 3, Fral (D),
ﬂaa_ﬂﬁb_: _[guﬂ, 8ﬁa]+[gab, EFba] (a#:ﬁ’ a“:/:b)'
Definition 2. A covariant of index u for (f,(§,]2), - -+, /v(€x]|2)
is a differential polynomial of f,(&,]|2) (1<s<N) given by
L @/)92) SR )
(8) o B T
with a semi-invariant ¢(---,£®, ---) in S,
Tayler expansions of (8) are given by

(9) exp(z:zmdm)go(---, o)=L e, e

a,a el 1!
where
A =] die.
@,
References

[1] H. Morikawa: Invariant Theory. Kinokuniya (1977) (in Japanese).

[2] Some analytic and geometric applications of the invariant theoretic
method. Nagoya Math. J., 80, 1-47 (1980).

[81 R. A. Rankin: The construction of automorphic forms from the derivatives
of a given form. J. Indian Math. Soc., 20, 103-116 (1956).

[4]1 I Schur: Vorlesungen i{iber Invariantentheorie. Springer (1968).




