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Introduction. U. Hirzebruch [3] and G. Rhinow [9] have gener-
alized Tits’ construction of Lie algebras by Jordan algebras [11] to
Jordan triple systems (JTS), using a certain two dimensional JTS.
Moreover H. Asano and K. Yamaguti [2] have generalized Hirzebruch’s
construction to generalized JTS of second order (due to I. L. Kantor
[4]), using the same two dimensional JTS. In this note, it is shown
that Lie algebras can be also constructed by generalized JTS of second
order (gen. JTS of 2nd order), using a certain two dimensional associ-
ative triple system (ATS) (cf. [6]). From a two dimensional triple
system W and any gen. JTS & of 2nd order, we make a gen. JTS
W®SI of 2nd order, where W is a certain ATS (see § 1) while in [2],
W was a certain JTS. In both cases, Lie algebras can be constructed
from W®S. In other words, Lie algebras can be constructed from
gen. JTS (IDJ), of 2nd order (see § 2) where in case e=—1 we have
the Asano-Yamaguti construction and in case e= -1, we obtain our
construction in this note. We assume that any vector space considered
in this note is finite dimensional and the characteristic of base field @
is different from 2 or 3. The author wishes to express his hearty
thanks to Prof. K. Yamaguti for his kind advices and encouragements.

§1. A triple system satisfying {ab{cde}}={a{bcd}e}={{abc}de}
={a{dcb}e} for any elements a, b, ¢, d, e is called an ATS.

Let W be a two dimensional triple system which has a basis {e,, e}
such that
(1) {e.ee}=ae, {eee}={eee}={e00}=ue,

{616262} = {626132} = {623261} = ‘361, {626262} = ﬁez’
where o, e @. Then W is a commutative ATS and is alsoa JTS. In
the ATS W, we have
(2) Wa, D)l(c, d)=1Uc, d)l(a, b),
(3) Ua, b)l(c, )=I((a, b)c, A)=I(c, I(b, a)d),
where l(a, b)c={abc}, for a, b, ¢, de W.

A gen. JTS J of 2nd order is a vector space with a triple product

{zyz} satisfying
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(4) [L(z, ¥), L(u, v)]=L(L(x, Y)u, v) — L(u, L(y, £)v),

(5) K(K(z, Y)u, v)—L(v, w)K(z, y) — K(z, y)L(u, v)=0,

where L(z, y)u={ryu} and K(z, y)u={rvuy}—{yux}, for z, ¥, u, veJ
([4D.

Hence a JTS is a gen. JTS of 2nd order such that K vanishes
identically.

Using (2) and (3), we have

Lemma 1. For the ATS W and any gen. JTS J of 2nd order,
define a trilinear product in WQJ by {a®@x bQy c®z}={abc}®{xyz}
fora, b,ceW, 2z, y,2€J. Then WX becomes a gen. JTS of 2nd
order.

A triple system is called a Lie triple system (LTS) if it satisfies
the following identities for any elements x, ¥, z, u, v ([5]):

(i) [xzyl=0,

(i) [zyzl+[yzz]l+[220y]1=0,

(i) [eyluvzll=I[lwyulvz]l+ [ulzyviz] + [uvlzyz]].

Let § be a gen. JTS of 2nd order with product {xyz}. It is known
(2] that § becomes a LTS relative to a new product [xyz]:={xyz}
—{yxz}+{xzy}—{yzw}. We denote this LTS by J* and call this a LTS
induced by  or an induced LTS (from J). For the gen. JTS WX
of 2nd order in Lemma 1, the Lie triple product (LT product) in
(WRI)* is as follows: [a®z DRy cRz]={abc}®[xyz]. Hence D(a®z,
b®Ry)=1IUa, b)®D(x, y) where D(z, y)z : =[xyz] and D(a®2x, bR y)(c®z) :
=[a®z bRy c®z]. Let ® be the Lie algebra of inner derivations in
the LTS (W®)*, then (W, H=DD(WRKI* is the standard en-
veloping Lie algebra of the LTS (W®J)*. If ax0 or 80in W, then
{idy, Ue,, e,)} is a basis of the vector space I(W, W) spanned by {I(a, ) :
a, b e W}, where id, is the identity endomorphism in the ATS W.
Hence D=1id, Q@ D(J, ) D l(e,, &)RD(Y, J), where D(J, ) is the Lie
algebra of inner derivations in J*. Then we have the following

Theorem1. If a0 or 80 in the ATS W, then

idy @D(S, ) @ ey, e)QD(T, ) D (WRI)*
is the standard enveloping Lie algebra of the LTS (W®I)*. And,
idy, DS, ) DU, e)RD(I, ) is a Lie subalgebra satisfying the
following commutator relations :
[g, 2lcg, [, Mk, [, Mlcy,
where L:=1id, ®D(F, J) and M :=1(e,;, €,) XD(S, J).
§2. Let J be a gen. JTS of 2nd order. Now we consider the

vector space direct sum JDF, of which element is denoted by (ﬁ‘) and
2,

define a triple product on it by
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(6) {(«%) (?/1) (z1>} = (“{aﬁ Y z1}+,3{x1 Y. 22}—|—e‘8{x2 Y zz}"hB{xz Y. zl})
Lo/ \Yo/ \Zy Of{xl Yy zz}+€0({x1 Y, z1}+a{x2 Yy z1}‘|‘,3{x2 Y. zz}
:( aL(x,, Y1)+ BL(%x Y2) BLAy, Yo) +ePL(,, yl)) (zl)
eCVL(xu ?/2)+0(L(w2, '.'/1) “L(xu y1)+ ﬁL(xz, yz) ’

where «a, f, ¢ (= =1) are the elements of the base field 2.

By straightforward calculations we have

Theorem 2. Let § be a gen. JTS of 2nd order, then JPOI is a
gen. JTS of 2nd order relative to the product defined above.

The gen. JTS of 2nd order obtained in Theorem 2 is denoted by
(¥DY).. For e=1, if we define a linear mapping f of WX into

(DY) .1 by f(e,Q®x,+e,Qx,)= ( >, we have the following

Theorem 3. WS is isomorphic to (IJBI)., as gen. IJTS of 2nd
order.

By direct calculations, we see that the product in the induced
LTS (IO is given as follows
(7) [<x1> (yl) (z1>] (0([501 Yz FARS ,3[951 Ys 25) +519[x2 Y, 2] +‘8[QJ2 Y. zl])

i/ \Y, alx, Y, z.]+eala, ¥y, 2,0+ alx, ¥, zx]"‘ﬁ[xz Y2 %]
where [zyz] is the product in the LTS J*.

Remark 1. If we put e=—1 in (6), (IDF)., is isomorphic to
J(a, B, 0) in [2]. Hence Lie algebras can be constructed by (IDJ)_,
as in [2].

For an induced LTS J*, we consider the vector space direct sum

Y*@DJ*, of which element is denoted by (ﬁ‘) Then, using the expres-
2,

sion (7) we obtain
Theorem 4. If in FFDI* we define a triple product by
(8) [(%)(yl) (zl)] (“[xx Yy 20+ Bl Y. 2,14 Bl Y, 2.1 L, ¥ z,])
o Lo/ \Y, alx, ¥, 2.1+l ¥, 2] +al2, ¥, 2] +/3[x2 Ys %)
then I*DF* becomes a LTS and is isomorphic to (IOI)*, as LTS.
Remark 2. If we put a=1 and =0, +1 in the product (8), we
get the LT product defined by Y. Taniguchi (cf. [10]).
§3. K. Yamaguti has defined a bilinear form 74 of a gen. JTS J
of 2nd order by

1@, y)=-;—Sp[2(R(x, W)+ R, ©)— Lz, ¥)— Ly, ®)],

where R(z, ¥)z={zxy} ([12]). Using this definition, the bilinear forms
7w, 71 and 1, of W, W and (IDX). are as follows : y,(a, b)=Sp la, b),
1(@® @, b®) =w(@, D)1, ) and 1 (22), (1) ) =2ars(e, 1)+ 281w )
respectively.

The Killing form « of LTS J* is given as: x(x, y)=(1/2)Sp[R(x, y)
+R(y, 2)], where R(z, y)z=[2xyl([8]). Then, the Killing forms «, and
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Ky of (WRI)* and (FDI)* are as follows : ,(a®x, b®y) =7, (a, b)x(z, y)

and x2<<';2>, (Z;))=2auc(xl, Y1) +2pk(x,, y,) respectively. Then we can

see that 7, coincides with 7, and &, coincides with «,.

§4. From now on, we assume that «, 20 and that gen. JTS J
of 2nd order and the induced LTS J* are non-trivial, i.e. {IIJ}=:{0}
and [F*I*F*1={0}.

For an element X=¢,®2+6,Qy in WK, we define the projec-
tions P, and P, of W® onto § by P(X)=x and P,(X)=1y respectively.
And, an involutive automorphism ¢ in W®S is defined by o(e,Q@x
+e,QY)=e¢,@x—e,®y which induces an involutive automorphism in
the LTS (W®Y)*. From the property of the product we have

‘Lemma 2. Let & be an ideal in WQJ (resp. (WQI)*®), then P,(R)
and P,(8) are ideals in I (resp. IF*).

From the property of the projections, we have

Lemma 3. Let & be an o-stadble ideal in WRJ or (W RI)*, then

K=6,QP(R)+e,QPy(&).

Lemma 4. Let & be an ideal in WRF or (WRI*. If I (resp.
¥*) is simple, then K={0} or P,(R)=P,(R)== (resp. I*).

Using the property of s-stable ideals, we have

Lemma 5. Let  (resp. I*) be simple, then

(i) WS (resp. (WRK)*) is simple,
or

(ii) WY (resp. (WRI)*) is a direct sum of two isomorphic
simple ideals in WQS (resp. (WRI)*).

Theorem 5. (i) Let R be an ideal in gen. JTS I of 2nd order.
Then

GW, 8)=1d, ®D(K, J) D Ue;, e)QD(K, JF) D(WRQK)*
is an ideal in the Lie algebra S(W, J).
(ii) Let & be an ideal in the induced LTS J*. Then
GW, 8)=1id, @D(R, J) D lUe, e)QD(K, J) D(WRK)*
is an ideal in the Lie algebra &(W, ).

Corollary. If &W, J) is simple, then I and J* are simple.

§5. Examples. Inthis section we assume that the characteristic
of @ is 0 and @ is an algebraically closed field.

(i) Let J be an n-dimensional vector space with a symmetric
bilinear form { , >. Then {xyz}={y, 2> is a gen. Jordan triple prod-
uct of 2nd order in . Since the induced LT product [zyz] equals to
2y, 2yx—24z, x)y, D(J, J)={D: (D=, y)+{x, Dy)=0}. If the form
{, ) is non-degenerate, then dim D(S, J)=(1/2)(n*—n) and (WRI)*
is simple. Hence dim &(W, J)=n’+n and &(W, J=B,®B,(n=2[) or
D,®D,(n=21+1).

(ii) The quaternion algebra Q becomes a gen. JTS of 2nd order
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relative to a triple product {xyz}=x(72)+2(Fx)—y(@2) (cf. [1,4]). By
direct calculations, we see that dim D(Q, @)=38 and (W®Q)* is simple.
Hence dim &(W, @) =14 and &(W, Q) is of type G,.

(iii) The Cayley algebra € becomes a gen. JTS of 2nd order
relative to the same triple product as in (ii). By straightforward
calculations, we see that dim D(€, €)=T7 and (W®GC)* is simple. Hence
dim &(W, €)=380 and &W,)=A,RA,=D,DD,.
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