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1. Introduction. The purpose of this paper is to show the in-
verse theorem of Cauchy-Kowalevski. Consider the following Cauchy
problem in a neighbourhood of the origin of C/x:
(1.1) a(O, O,)u(, t)=f(, ),
(1.2) Oul=o=U(X), 0=<k<m,
where (x, t)=(x, ...,x, t) e C/ and (D,D,)=(3/3x, ...,3/3x,3/3t).

As well-known, Cauchy-Kowalevski’s theorem says that if the
operator a(D, D,) is Kowalevskian of order m with respect to D, that is,

(1.3) a(D,D)=D?+ , a(D)D?-, order a(D)<=],
j=l

then there exists a unique holomorphie solution u(x, t) at the origin for
any holomorphie function f(x, t) at the origin and any holomorphie

r--ICauehy data {u}_-0 at the origin.
Our purpose is to show the converse. That is,
Theorem 1. The Cauchy-Kowalevski theorem holds for the prob-

lem (1.1)-(1.2) if and only if a(D, Dt) is Kowalevskian of order m with
respect to D,.

Concerning this problem, some results were obtained in the ease
when a(x, t; D, Dt)=D?+ ,y__ a(x, t D)D?- (see Mizohata [6], [7],
Miyake [2] and Kitagawa-Sadamatsu [1]). In the ease of system of
partial differential equations which is written in a normal form
with respect to the time variable, the author [3] and Mizohata [5]
obtained some results. Our interest here is to consider the problem
without such restriction on the operator a(D, Dr).

Our theorem will be proved in 3, by means of Theorem 2 which
concerns the Goursat problem. We have to mention that our theorem
can not be extended to the ease of variable coefficients by the same
method as in this paper.

2. Holomorphic Goursat problem. Consider the following
Goursat problem in C Ct"
(2.1) DDyu(x, t)= a(D)Dy-u(x, t)+f(x, t),

j=O
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(2.2) u(x, t)- w(x, t) O(xt).
Let 0d, __<1, R,S0, keN={0,1,2,...} and eR+, (R/=

(0, + o)). Then the Banach space Az,z,() is defined by
(2.3)

R"’S
, v, vm

where (d]a] +sm+ k) F(d ]al +m+k+ 1).
Especially we put A,z()=A,z,0(). Now A(,) and A(,) are

d, d,defined by A(,) ,s>0A,s() and A(,) .,s>0A,,,() respectively.
Note that A(,’ and A(,’) do not depend on e R.

Now we study the Goursat problem (2.1)-(2.2) in the space A,)
or A(,). We assume the ollowing conditions on {a(D)}’
(2.4) ]d(order a(D)-Ia]}, v] e {0, 1, ..., m},
(2.5) 0().-" 1, e R,
where 0()=. ]a0 and a0(D)=. aoD. Then we have

Theorem 2. Assume the conditions (2.4)-(2.5). Then for any
f(x, t) and any w(x, t) in A, (resp. A(,)) there exists a unique solu-
tion u(x, t) of (2.1)-(2.2) in A, (resp. A(,’)).

First, we note that we may assume without loss o generality that
w(x, t)O in (2.2). Then it is easy to see that the Goursat problem
(2.1)-(2.2) is equivalent to the ollowing integro-differential equation"

(2.6) U(x, t)= a(D)D;"D[ U(x, t)+f(x, t)
j=O

where D;]U(x, t) denotes the primitive o U(x, t) with respect to x
which vanishes at x=0.

Now the solution u(x,t) o (2.1)-(2.2) is given by u(x,t)=
D;"DvU(x, t), where U(x, t) is the solution of (2.6). For the proo
the unique existence of the solution of (2.6), we use the fixed point
theorem in A,’ ( or a suitable choice of R, S, k and .

Lemma. We assume that a, fl e N and ] e N satisfy
Then for any U(x, t) e Aa.s.() we have

(2.7) ]]DD;"D?U ].,...s ’ - S
k R-"

U

where :]-d([fl[-[al), C is a positive constant independent of k, , R
and S and C 1 if ]: d([ fl[-]a I).

Proof. By a simple calculation we have
DD;"D7

Sg-" R . UI ...,s sup

This implies (2.7) immediately. Q.E.D.
Proof of Theorem 2. In what follows, we fix e R which satisfies

the condition (2.5). We put

G= ao(D)D;"DvS=
j=o j=0
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First, consider the problem (2.6) in the space A,). Let k=0 in
the above lemma. Then we have

G llR, s <= to() -+C
S+C ]a2 I+ II +III,

or some positive constant C. Here G ],,s denotes the operator norm
of G in the space A,z(). Note that I 1 by the condition (2.5). On
the other hand, we have

lim II 0 and lim III 0 or any fixed R.
R0

Hence G is a contraction map in A,z() for sufficiently small R and S.
Next, consider the problem in the space A<,’). In this case, we

have
S

C S+" k R-=I+II+III’
or some positive constants C and . Here G],,s, denotes the operator

,’ "denote the summationsnorm of G in the space A,s,(), and
over such fl as ]=d(13l-Il) and ]>d(13[-Il) respectively.

Note that I<l bythe condition (2.5). Let S=a.RTM, (a>0). Then
we have

II=C’ [aal a0 as a $ 0.

On the other hand, we have lim, III=0 *or any fixed R. Hence, G
is a contraction map in A%,,() or sufficiently small a and large
for any fixed R. This shows that the problem (2.6) is uniquely solvable
in .>0 A’:,,() =A(’’). Q.E.D.

More general and detailed study o the holomorphic Goursat
problem will be given in a orthcoming paper [4].

3. Proof of Theorem 1. It is obvious that in order that the
Cauchy-Kowalevski theorem may hold or the problem (1.1)-(1.2), it is
necessary that a(D, D,) is written in the orm
(3.1) a(D, Dt)=ao(D, Dt)Dy+ a(D)D-.

j=l

In order to complete the proof, it suffices to show ao(D,, D)-- Const. (0)
(see Mizohata [5]). We prove this by a principle o contradiction. Now
we may assume that ao(D, Dt)--ao(D) and order ao(D)=l>O. Then by
a suitable change of coordinates we may assume that ao(D)=D,+=ao(D,)D7 and order ao(D,,) k, where x (x,, x’). Now let us
consider the following Goursat problem"
(3.2) a(D, Dt)u(x, t)= f(x, t), u(x, t)--w(x, t)=O(xt).
Choose d satisfying d-* max {1, (order a(D) 1)/] ] 1, 2, ..., m}.
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Then the above problem (3.2) is uniquely solvable in A(, or A(,).

Note that the condition (2.5) is satisfied by =(, 1, ..., 1) e R with
1. Hence, the arbitrariness of the Goursat data on the plane x,--0

implies the non-uniqueness of the solution of the Cauchy problem
(1.1)-(1.2). Q.E.D.

References

1 K. Kitagawa and T. Sadamatsu: A necessary condition of Cauchy-Kowalev-
ski’s theorem. Publ. RIMS, Kyoto Univ., 11, 523-534 (1976).

2 M. Miyake: A remark on Cauchy-Kowalevski’s theorem. Ibid., 10, 243-
255 (1974).

3 : On Cauchy-Kowalevski’s theorem for general system. Ibid., 15, 315-
337 (1979).

[4] : (Inpreparation).
5 S. Mizohata: On Kowalevskian systems. Uspehi Math. Nauk., 29, 213-227

(1974).
6 --: Une remarque sur le thorme de Cauchy-Kowalevski. Ann. Scuola

No.rm. Sup. Pisa, 5, 559-566 (1978).
[7] --: Sur le thor’me de Cauchy-Kowalevski. Sminaire Goulaouic-

Schwartz, n 19, 1-12 (1978-1979).


