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71. J.Compatible Orthodox Semigroups

By Miyuki YAMADA
Department of Mathematics, Shimane University

(Communicated by Shokichi IYANAGA, M. J. A., Oct. 12, 1979)

A semigroup S is said to be J-compatible if Green’s J-relation is
a congruence on S. In this paper, we shall study the structure of J-
compatible orthodox semigroups.

1. Basic properties. Let .S be a regular semigroup. Throughout
this paper, the J-relation and the D-relation on S will be denoted by
s and 9D, respectively. Further, the congruence generated by 4s[9D;l
will be denoted by J¥[9D¥]. Let 55 be the least semilattice congruence
on S. Then, it has been shown by Hall [2] that 9% =y, Further, it
is eagsily seen that 9,C 4,Cns. In fact, if (a, b) € 9, then there exists
ce S such that a.L;cRsb, where L5 and R denote the L-relation and
the R-relation on S respectively. Hence, Sa=Sc¢ and ¢cS=bS. Accord-
ingly, SaS=Sc¢S=SbS. Therefore, (a,b)c Js. Since s is the least
semilattice congruence on S,S is a semilattice I of the ys-classes
{S,: 7 e I'} (in this case, I'=S/7,) and each S, is semilattice-indecompos-
able. Ifa4sb,then SaS=SbS. Hence, thereexist z,y € S* and u, v € §*
such that uav=>b and xby=a. Let aeS, and beS,. Since uav="0,
it follows that f<<a. On the other hand, «<pg follows from zby=a.
Hence, a=p8. Consequently, ayd. Thus, 4:Cs.

Since 9D¥ =5s, we have J¥ =7, Hence, Df = J&=zs Inparticular,
if S is J-compatible then 9¥ = J;=17;.

Theorem 1. For a regular [orthodox] semigroup S, the following
conditions are equivalent :

1) S is J-compatible.

@) Fs=1s.

B) S is o semilattice of simple regular [orthodox] semigroups.

@) J@NJ®d)=J(@b) for a,be S (where J(x)=8xS); hence, the
principal ideals of S form a semilattice under intersection.

Proof. (1)=(2): This was already proved above. The part “(2)
=(3)” follows from Petrich [6, p. 43]. Further, both “3)=>(4)” and
“(4)=>(@1)” follow from Clifford and Preston [1, p. 123].

If 9¥=8xS for a semigroup S, then S is said to be D*-simple.

Theorem 2. If a regular semigroup S is simple, then S is D*-
simple.

Proof. As was shown above, 9% =y;. Since S is simple, 5, is the
universal relation. Hence, 9% is also the universal relation. That is,
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S is D*-gimple.

The following example shows that a D*-simple regular semigroup
is not necessarily simple:

Example. Let E={0, ¢, f} be a semilattice such that 0e=e0=0f
=f0=ef=fe=00=0, ¢=¢ and f*=f. Then, ¥ is clearly P-uniform
(see [3]). Let ¢,e¢., ¢, be the identity mappings on the sets {0}, {e, 0}
and {f, 0} respectively, and « the mapping of {e, 0} onto {f, 0} defined
by 0a=0 and ea=f. Let I, be the symmetric inverse semigroup on
the set {0, ¢, f}, and T'; the inverse subsemigroup of I, consisting of
all z such that the domain and codomain of z are principal ideals of E
and ¢ is an isomorphism (see [5]). Then Ty={e, ¢, ¢;, a, @7}, and it is
eagily seen from [3] that T, is a P-transitive inverse subsemigroup of
T, itself. Hence by [3], T is D*-simple. However, T is not simple
since {¢,} is a proper ideal of S.

By Theorem 1, the problem of describing all J-compatible orthodox
semigroups can be divided into the following two problems:

1) Describing all simple orthodox semigroups.

2) Semilattice-compositions of simple orthodox semigroups.

The second problem is a special case of the semilattice-composition
problem for general semigroups (for example, see Petrich [6]), and we
do not deal with this problem here any more. On the other hand, it
has been shown by [7] and [8] that a simple orthodox semigroup can
be obtained as a quasi-direct product of a band and a simple inverse
semigroup. Further, it is easily seen from [3] that a simple inverse
semigroup can be obtained as a regular (Schreier) extension of a
Clifford semigroup (that is, a semilattice of groups) by a fundamental
simple inverse semigroup (see also [4]). Therefore, the first problem
is reduced to the problem of describing all possible fundamental simple
inverse semigroups.

2. I-transitive inverse subsemigroups of T;. Let E be a semilat-
tice, and let I; be the symmetric inverse semigroup on E. Let T, be
the subset of I, consisting of all z in I, such that the domain D(z)
and codomain R(z) of r are principal ideals of £ and r is an iso-
morphism. Then, T, is an inverse semigroup. For each ee E the
identity automorphism of eE will be denoted by ¢,. The following
result has been shown by Munn [5]: Every full inverse subsemigroup
S of T is fundamental. The semilattice of idempotents of S is
E*={e,: ec E} and the mapping 6: E—E* defined by ef=¢, is an iso-
morphism.

Now, let us consider the following conditions for semilattices E :

(2.1) For any proper ideal F' of E, there exist elements e, f of
such that ec E\F, fe F and eE= fE (¢E is isomorphic to fE).
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(2.2) For all e, fe E there exists ge E such that g<f and eF
=gFK.

Lemm 3. If an inverse semigroup S is simple, then

2.3) for any proper ideal F of E s (the semilattice of idempotents
of S), there exist elements e, f e Egand ce S suchthat ec EQ\F, feF,
ccl=e, ¢clc=f and 6,: eE y—fE defined by uf,=c 'uc is an isomor-
phism.

Accordingly, in this case E satisfies the condition (2.1).

Proof. Let S be a simple inverse semigroup. Assume that for
some proper ideal F' of E there is no pair of e, f, ¢ satisfying the con-
dition in the statement. First, we prove that o 'EaCF for any ae S.
If not, then there exists @ € S such that ¢ 'FaZ F. Then, there exists
e,e F such that aleac F,\F. Put a'ea=f. Then, a'eE
=a'eaa'Esa= fa 'EqoC fE;. Conversely, fE;=a'afExa e
=a laa'e,aEa 'aCa (ao e, Esa)Ca e, Eo. Hence, a ‘e isa=fE;.
Putting af=c and aa'¢e,=e, it follows that

cle=falaf=fe E\F, cc'=afa'=a0"'e 00 '=ec F
and
cleEc=falaa e, Eaf=fa'e,Eaf=fE;.

Now, the mapping 6, : eEy— fE defined by (eu)d,=c 'euc, uc Eg, isan
isomorphism. This contradicts to the first assumption. Therefore,
o 'FacCF for all aeS. Now, put C={aeS:aa',a'ac F}. Then,
C+#S8 and C is an ideal of S. This is proved as follows: For a € C and
for ze S, ax(ax) '‘=arxz o '=aa'axr o e aFo 'CF and (ax)'ax
=x"'o 'ax € x ' FxCF. Hence, C is an ideal. Accordingly, S is not
simple.

Lemma 4. For a fundamental tnverse semigroup S, the follow-
ng conditions are equivalent :

(1) S is simple.

) S satisfies the following :

(2.4) For any e, f € Eg there exists a.€ S such that ao'=e, a 'a
=g9<f and a'eE,0=9gF.

) S satisfies the condition (2.3).

Proof. (1)=>(2): This is obvious from the proof of Theorem 3.2,
(i), of Munn [5]. (2)=>(3): This is obvious. (3)=(1): Assume that S
is not simple. Then, there exists a proper ideal A of S. If F,=F,,
then cc'eF, for any ceS. Hence, cc'ce A. That is, ce A.
Therefore, we have S=A. Hence, F,+FE;. Since E, is a proper
ideal of Ej, there exists a pair of e, f,aeS such that ec E,\F,,
fek, eEs=fE; ao'=e, o 'a=f and a~'eE,a=fE;. Hence, a=af
e A. Consequently, e=aa"'e A. That is, ec E,. This contradicts
toec E\E,. Accordingly, S is simple.
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Remark. Munn [5] has given a description of fundamental simple
inverse semigroups by using the property (2) of Lemma 4. In this

paper, we shall give another description by using the property (3) of
Lemma 4.

Let E be a semilattice. According to [5], an inverse subsemigroup
S of T is said to be subtransitive if S satisfies the following :

(2.5) For any e, f € E there exists ye S such that eE=D(y) and
R()CSE.

Now, we introduce the concept of an I-transitive inverse subsemigroup
of Ty. An inverse subsemigroup S of T is said to be I-transitive if
S satisfies the following :

(2.6) For any proper ideal F' of E, there exist elements ¢, f of E
and y € S such that ec E\F, fe F, eE=D(y) and fE=R(p).

Lemma 5. If a semilattice E satisfies the condition (2.1),

1) every I-transitive full inverse subsemigroup S of Ty is a
fundamental simple inverse semigroup,

(2) hence, the conditions (2.1) and (2.2) are equivalent.

Proof. (1) It is obvious that S is a fundamental inverse semi-
group. The semilattice of idempotents of S is E*={¢,:ec E} and
0: E—E* defined by ef=¢, is an isomorphism. Let F*={e,:ec F} be
a proper ideal of E*. Then, F is of course also a proper ideal of E.
Since S is I-transitive, there exist ec E\F, fe F and y€ S such that
D(y)=eE, R(y)=fE and (eE)y=fE. Hence, 7y '=¢, 1 'r=¢;, and
0,: e, E*—¢, E* defined by v, =y vy, v € ¢, E*, is an isomorphism. Hence,
it follows from Lemma 4 that S is simple.

(2) It is obvious that a semilattice satisfying (2.2) satisfies (2.1).
Suppose that a semilattice E satisfies (2.1). Then, by (1) T is a
fundamental simple inverse semigroup. Hence, by Lemma 4 the semi-
lattice E* of idempotents of T, satisfies (2.2). Since E* is isomorphic
to E, E also satisfies (2.2).

Munn [5] calls a semilattice E satisfying (2.2) (hence, (2.1)) sub-
uniform.

Finally, we have the following result:

Theorem 6. (1) Let S be a fundamental simple inverse semi-
group. Then, Egis subuniform and S satisfies (2.3). Further, S is
isomorphic to an I-transitive full inverse semigroup of T z,.

(2) Conversely, let E be a subuniform semilattice. Then, every
I-transitive full inverse subsemigroup of T, is a fundamental simple
nmverse Semigroup.

Proof. (1) The first part was already proved in Lemma 3. By
Munn [5], the mapping 6: S—Tj, defined by ad=46,, where 4, is the
element of T, such that the domain is aa'E;, the codomain is a™'al
and z8,=a 'za for z c aa"'E,, is a monomorphism. Since 4,=e¢, for
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ee Eg, S0 is a full inverse subsemigroup of T, Let E¥={e(=0.):¢

€ Eg}. Then, Ef is the semilattice of idempotents of T, and the

restriction 0| E of 6 to E is an isomorphism of Egonto E¥. Let F be

a proper ideal of E;. Since S satisfies (2.3), there exist e, f ¢ Eg and

a € S such that ec E\F, aa'=¢, ¢ 'a=f and o 'eEx=fE;. Hence,

D@,)=¢eEs, R(0,)=fEs;and (eE)0,= fEs. Therefore, S6isI-transitive.
(2) Obvious from Lemma 5.
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