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(Communicated by Kunihiko KODAIRA, M. J. A., April 12, 1977)

1. Summarising our recent investigations [3] [4] [5], we show here
very briefly a quite simple proof of Gallagher’s prime number theorem
[2; Theorem 7] without appealing to the zero-density theorem of Linnik
type or to the Deuring-Heilbronn phenomenon. Our argument can be
considered to be a penetration of Selberg’s sieve into one of the deepest
areas of the theory of prime numbers. To state the theorem we use
the following convention : If there is an exceptional zero 1—4 of L(s, y,),
x: real primitive (mod q,), such that 6=(log @)™, ¢,<@Q, then we put

V@, )= Z x(M)A(n)(1 4+, (n)n?).
Otherwise we delete the factor 1+ y,(m)n~°. Then a slight modification
of Gallagher’s theorem states that

Theorem. There exist effective constants A,, ¢,, ¢,>>0 such that

> | P@+h, ) —V (@, PI<c, Min (1, 5 log x)he™ 24,
1<¢=Q z(mod g)
whenever QA<x/Q<h=wx, A <A.
As is easily seen, this implies Fogels’ prime number theorem [1] and
thus Linnik’s theorem [6; Kap. X]. Our estimations below are very
rough, and in all probabilities a detailed study of our argument will
provide A,, ¢, ¢, with fairly good explicit values.

2. We may restrict ourselves to the case in which an exceptional
zero does exist. Otherwise the argument of [3] can be used. In what
follows B(n), g(n), G(R), ¥ .(n), @,(s) are all defined in [4]. Also we assume
always that r is square-free and that ¢ is a sufficientry small positive
congtant. Constants implied by the Vinogradov and the Landau symbols
are all effective.

Lemma 1. Let

GB)= 3 o0, K@= (1-1)7(1- 22"
S e\ P P
Then we have G (R)=K(9)"'G(R).

Lemma 2. Let c(n) be arbitrary complex numbers. Then we
have, for any O<N<M,

Z K(@g(r) >3*

x(mod q)

M<nsM+N

> X(nmm)B(n)mc(n)’z

’I‘SR
(g,r)=1

S{LA+0, )N+ O((MR*Q%)**)} M<n};1]”+N le(m) .
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Lemma 3. If > nle(n) convea*ges, then we have, for any T=1,

T, K@) > j

% (mod q)

(q r) 1
<L i; {LA 438, y)n+ T R*Q*) "} [ e(n) |°.

Lemma 4. Let F(s,x)=L(s, ) L(s+3d, xx), x (mod q) non-principal.
Then we have, for Re(s)=1—c (log qq,|s)7?,

F/
7 (s, )< log (qq,|s).

To prove Lemma 2 we consider the dual form

2. Bm) ZI (K'(tl).ti(?”))‘/2 Z* x(%)%(%)b(xﬂ")

M<nEM+N
(7” q) 1
where b(y, ) are arbitrary complex numbers. Expanding out, we

encounter sums of the sort
SGxsr)=_ 2, w¥¥,.m)Bwn),

M<nsM+N
where y7'¥, ¥ ,.(n) =xy(n)y ¥ (0¥ ,.(n) and y (mod @), ¥’ (mod ¢"), (g,7)
=(¢’,7)=1. So we are led to the function

il U (M)Bm)n*=L(s, xx)L(s 48, x{'x) A, (8, ¥,

where the explicit form A4, ,.(s, ') can easily be obtained by expressing
the left side in an Euler product. And we see that the residue of the
rightsideat s=1is E(y, ' ; 7, ¥ )L+ 3, x ) (K(@)g(r)) " where E(y, ' ; 7, 1)
is 1 if (3, 7)=(y, "), and =0 otherwise. So we have, by the routine
complex integration method,

SG '3 7 ) =By 13 7, )L 48, p)(E(@Q)9(@) 7N + O(MRQ) ).
This gives the assertion of the lemma. Then Lemma 3 can be immedi-
ately obtained by Gallagher’s mean value theorem [2; Theorem 1].
Lemmas 1 and 4 are easy.

3. Now we put
U.(s, ) =Q1A—F(s, PO, (s, P91 ~)’,
where in the definition [4; Lemma 3] of @,(s, y) we use &, of [4; Lemma
4]. Then by the familiar argument we have, for non-principal y (mod q),
1=Q,

F@t by ) — P, p=—— [

e —(8, PU,(s, P((®+h)’ —x°)s™ ds
2nt Jy-ir F

+ O{xl/Z(TZzQZT)1+s _|_ T—l(rzx)l+e}’

where 7=1—c (log QT)"'. Multiplying by K(q)g(r) both sides and sum-

ming over <@, y primitive (mod q), ¢<@Q, (¢,7) =1, we have

G, Z* V(@ +h, ) =V (, 1)

g=Q z(mod g

< I (log QT) exp (— -2 % V(5 4 212 (QT) 4+ T (w Q4+,
log QT




52 Y. MOTOHASHI [Vol. 53(A),

where we have used Lemmas 1 and 4, and also we have put
o +1T
0= 3 K@@ >+ [ Vs, plldsl
(1‘11.’;)§=Ql z(mod q) J ¢—iT

Then we have, by [4; Lemma 3] and Lemma 3 above,
2
Ik« § B(n) (; é'd) {LA 434, xz)n+TR"*QN*}n%,

where k=14+log QT)™*. So, if we put z=(T"Q¥)'**, we get I(x)
&L +34,x), since we have [4; Lemma 4] and B(rn) <z(n). On the other

hand we see easily that I (_;—)<<(zQ“TZ)”‘. Hence by the convexity

argument [6; p.404] we find I(p) K L(1+6,y). That is, we have, by
the second assertion of [5; Lemma 4],

>k @R, )=V (2, 1)
¢sQ x(mod q)

< 1é (log QT) exp (_ckl)(;‘%) 4 (22QAT) e + T-1(xQY)!+e.

And taking T=Q®%, we end our brief proof of the theorem.
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