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1. Introduction. We shall investigate the energy decay of the
solutions to the following Cauchy problem ;
(1) {L(u):u“—du+a(x, tyu,=0, reR", t>0,
w@, 0)=¢(@) e Cy,  wu,x, 0)=v(x) e C7,
where a(x,t) e B**, a(x,t)>0 and d=Laplacian in R”. Rauch and
Taylor [8] showed that, if a(x, f)=a(x) and a(x) has compact support,
the energy E(t) defined by

E®) =Ln P+ Pu®)pde (7 ; gradient in R™)

for the solutions of (1) does not decay as t goes to infinity. More gen-
erally, Mochizuki [2] showed that, if 0<a(x, t)<e(1+|x)'~° for some
positive constants ¢ and § (n#2), E(t)40 as t—+oco. On the other
hand, we have from the usual energy estimates that if a(x, t)>Const.
>0 and a,(x, t)<0, E(t) decays like 0(¢™!). In this paper we give more
general conditions which guarantee the decay of E(¢) and an application
to the nonlinear wave equations. Now, letting m be a positive con-
stant, we list up the assumptions:
(A-1) There exist some positive constants r, K and ¢ such that
supp ¢(x) U supp y(x) C {x € B*||x|<7},
min a(x, ) >(K +¢t)! for all t>0,

lz|Smt+7r

max a,(x,t) <@y 467+ 3)2+7) (K +et)? for all >0

|z|<mt+7
where r=(35—2+x/952—4e+4)/2.
(A-2) a(x,t) belongs to F**! (k=1,2, --.) and satisfies
X i} <%>ta(x, t)‘_<_Const.(1-l—t)‘l for all t>0.

lei<mt+r i=1
(A-3) a(x,t)=(K+ct)"! for some positive constants K and e.
Then we have the following
Theorem 1. Suppose (A-1) with m=1. Then the energy E(t) for
the solutions of (1) decays like 0(t~?/¢*r), Furthermore suppose (A-2)
(resp. (A-8)) with m=1. Then the solutions of (1) satisfy

* Bk is the set of all functions defined on R"X[0, + ) such that all their
partial derivatives of order <k exist and are continuous and bounded.
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) 7o)
— ) Pu(t
0 ( at ®
< Const.(14t)-¥@e+0 for e> 2“)

a k+1
(5¢) o
(resp' <Const.(14+)-a+0  for e<2-!

where 0 is any fixed positive number and |-||, denotes the usual H(R™)
norm.

As one of the applications to the quasilinear strictly hyperbolic
equations, we consider the following Cauchy problem ;
( 2 ) {utt—Z?ul (1 “I"o"t(ua;,))um.m +a(w, t)ut=0, X € Rn’ t207

w@, 0)=¢(x) € Cy, u,(x, 0)=(2) € C7,

where g,(z) belongs to C~(R") and satisfies that for >0 and r ¢ R!

\(d;‘lr)"a,(f) < Const. [c[™=@-50  (q,>0).

For the strict hyperbolicity of (2), see (8) and (9) below.

If a(x, t)=a(x)>Const. >0, our arguments in [1] with a slight
modification are applicable to (2). Now putting s=[(n/2)]+2 and »
=||@|le+1+ || |ls» We have the following

Theorem 2. Suppose (A-1) and (A-2) (resp. (A-3)) with m=2
and k=s. Moreover suppose q,>2+y+0 (resp. q,>2e+0 if e>27,
Q=140 if e<27Y) (1<i<n) for some positive constant 8. Then there
exists a positive constant v, such that (2) has a unique C*-global solution
for 0<Vu<y, and E(t) decays like 0(t~¥+1+9) (resp. 0(t~¥**+9) for
e>271, O(L~24+9) for e<27Y),

2. Proof of Theorem 1. Putting v=>14dt)?u (6>0, p>0), we
have

2 < Const. (1 +)-¥@+r+n
k-1

L(v) =@ +6t)»L((1 +8t)~?v)
=v,—4dv+A{t)v=0
where
A@)v=(a—20p(1+t) v, +op(1+6t)"'(6(0 + DA +3t) ' —a)v.
Calculating

ji(v)(v,+z(1+at)-*v)dw=i 1

& [ 5Bw)a +j Cwydz (1>0),

we have
B@)=vi+|Fv|+24(1+0t)vv,
+ 1 +0t)"{QA—dp)a+0(1+at) " (dp(p +1) + 2(1 —2p))}v?,
Cw)=(—2ip+DA+at) Wi+ a2A+at) " |Fo]
+ (1 40t) 27 (A—22p —pd)a+ (1 +dt)'(A(p*—p+1)
+0p(p + D)} +27' (A 4 6t) " (o0 — Va0’
In the above equalities, we choose d, 2 and p as
Pp=2A22A+0)"t, 0=eK ', K '=221+36)(21+4+0) '+
where « is a fixed nonnegative number. Then we note p~'=2+7+0(y/ )
where 7 is as in (A-1). Now, noting that v(x, t) is supported in |z|<7r
+t, we have from (A-2) that for |z|<r+t
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(3) B(©)>0(24+80) v} + |[Fv [P+ 22022+ ) ~%(1 + 6t) %%,
C(v) >ad(1+6t) Wi+ 2A+6t) ! [Fof
(4) 9

+ Ea52352(2 +17H22+0) 7 (1 468 %%

So we got the first part of Theorem 1 easily from (3) and (4) with «=0.
For the proof of the second part, let « be any fixed positive number.
Putting (9/0t)'v=v* and (3/3t)*A(t)=A%t) (i>0), we have

(2) Lor=Lewo+ 3 QA% D).
Now it follows from (A-2) that for Y>>0 and 3C,(d) (constants)
l( ,Zl (g)Af(t)fui-J)(vm AL 48t) 00
SO+ [0 P+ O +0) (3 o7+ L+ 3ty )
(1<i<k).

Let B; (0<i<k) be a positive constant. Then, from (4) and (5), there
exists some positive constant ¢ such that

0= Zio 8, f ((—jt—)ifl(v))(v“‘ +2(1+0t) 0t de

d > 1 3 -1 i+1)2
ZW<Z‘B¢ —2~B(vi)dx)+i§)cﬁi(1+at) |0+ P da

=0

+I cfo(1+dt) v dox— ﬁo 68,(1+088)~1 |vi+1 | dae

- g B:C., (1 +5t)‘l<é [vI P+ +5t)"2'v2>dx

d > 1 ¢ —_ -1 k+1)2
Z?l?(; Ba j —2~B(v )dx) +Iﬁk(c O)(L+08)" |[vF P da

+I :Z(")l (1+5t)‘1<(0~—0)‘31;—j=zki:+1 ‘BjCj(ﬁ)> lviﬂlz da

+j (Cﬂo~ f ﬂjCj(ﬁ))(l +8t)v'dw.

Now we choose 6 and j; as
c—0>0, (c—0)8i— > B,C,O)>0  for 0<i<k—1.
J=i+1
Thus we have
(6) Lz 1 Bwyas)<o.
dt \i=o 2 -

Hence the second part of Theorem 1 follows from (8), (6) and the esti-
mates for

[ dom||,= (o™ 4> (DABv™-t|,  for 0<m+j<k—L.
i=0
Finally, for (A-3), we can give a proof in the same way as above by
choosing 6=¢K~!, A=ad and p=Qe+6"! for ¢>27!, p=1+6)"* for
e<27,
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3. Proof of Theorem 2. Putting v=(1 4 6t)?u, we may consider
the next Cauchy problem;
(7) {E('I))E'Uu— 21 U+ 0,((A408) "0, )0,,0, + AR V=0,
v(0)=9¢, v,(0)=3dpg+.
First we choose a positive constant g, so that for any ¢>0 and 1<i<n

(8) feug ldi((1+5t)_pw(t))lﬁé if |0 llenpya < -

For the proof it suffices to show the following a-priori estimates: There
exist the positive constants g, and yx,(<1) such that if v(x,t) satisfies
(7) for 0<t< T (any fixed positive number) and

(9) 1o O+ 3 IV @ <y O<p<p),
19(®) o< L+ 50),

then v(w, t) satisfies

10) 10 O o+ 35 1700 o< 2t

9@ [l < xope(1 +68)
for 0 <p<y, and 0<v<y () where v () denotes some positive constant
depending only on p and where g, and y, are independent of 7. We
note that v(z, t) is supported in |z|<r+2t from (8) for this case. Then
under the assumptions above, choosing p;(>0) similarly as before,
there exist the positive constants ¢, and ¢, such that

0=3 ﬁij« )L(v))(v“‘+2(1+5t) %) de

12
(11) = dt (Z ‘BifD(/v )dx)
(L4080 i 35 70 -+ (L4307 o)
— o400 ([0 [+ 33 170 2o+ (L+08) o]
where
(12) D) =B(w)+ 3 ai((1+38)770,,) w,. .

On the other hand, estimating

=[om=5 B w2 ) ot 5 oarrne|
for o<m+ji<s—1,

m
L1T¢

we have

A% 3P0 < Const. (o i+ 3 170!+ L+ o]

So (11) and (13) give

14) 7.‘%ltﬁ(zo 8, j D(vi)dx)_<_0 for 0< u< .

Thus (3), (8), (12), (13) and (14) imply a-priori estimates (10). For more
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detailed arguments, refer to [1] (Lemma 4 for the estimates of the com-
posite functions and Theorem 2 for the global existence).
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