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A note on transcendental analytic functions with rational coefficients

mapping Q into itself
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Abstract:

In this note, the main focus is on a question about transcendental entire func-

tions mapping Q into Q (which is related to a Mahler’s problem). In particular, we prove that,
for any t > 0, there is no a transcendental entire function f € Q][z]] such that f(Q) C Q and
whose denominator of f(p/q) is O(q?), for all rational numbers p/q, with g sufficiently large.
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1. Introduction. Transcendental number
theory began in 1844, when Liouville [2] proved the
existence of transcendental numbers. In fact, he was
able to explicit an infinite class of such numbers.
These numbers are the well-known Liouville num-
bers: a real number £ is called a Liouville number, if
there exists a sequence of distinct rational numbers
(pr/qr)k, with g, > 1, such that

Dk 1
0< |6 -2 < —,
‘ I

where wy, tends to infinite as k — o0o. The set of all
Liouville numbers is denoted by L.

In his pioneering book, Maillet [4], in 1906,
proved that f(L) C L, for any non-constant rational
function f € Q(z). In light of this fact, in 1984,
Mahler [3] raised the following question:

Question 1. Are there transcendental entire
functions f(z) such that if £ is any Liouville number,
then so is f(£)?

In 2015, Marques and Moreira [5] showed the
existence of uncountably many transcendental en-
tire functions f such that f(Q) C Q and for which
den(f(p/q)) < ¢3¢, for all rational number p/q, with
g > 1 (here, and in what follows, den(z) denotes the
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denominator of the irreducible rational number z).
It follows from their argument that Question 1 has
a positive answer if the following question also has:

Question 2. Are there transcendental entire
functions f(z) such that f(Q) C Q and

den(f (p/q)) = O(q"),

for all rational numbers p/q, with ¢ sufficiently large,
where t > 0 is a given positive integer?

There are some progress in this question. For
instance, in 2016, Marques, Ramirez and Silva [6]
showed that there is ‘no’ transcendental entire func-
tion f(z) € Q[z]] such that f(Q) C Q and
den(f(p/q)) = o(q) (this is the case t € [0,1) in
Question 2). By using Whittaker’s theory [7] of
polynomial expansions of analytic functions, in 2020,
Lelis and Marques [1] proved that the answer is also
‘no’ for the case in which f(z) € C[[z]] and ¢t = 1.

The goal of this note is to prove, in particular,
the non-existence of functions as in Question 2 with
rational coefficients. More precisely,

Theorem 1.1. Lett be a positive integer and
Q C C be a neighborhood of origin. Then, there is
no a transcendental function f(z) = Y 5, axz" €
C[[2]], analytic in Q, such that ar € Q, for all k €

[O7t]7 f(QmQ) € Q and
den(f(p/q)) = O(¢"?),

for all rational numbers p/q € Q, with q sufficiently
large.
As an immediate consequence, we infer that
Corollary 1. Let t be a positive integer.
Then, there is no a transcendental entire function

f(z) € Q[[z]] such that f(Q) C Q and
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den(f(p/q)) = O(q"),

for all rational numbers p/q, with q sufficiently
large.

2. The Proof of Theorem 1.1.
simplify the argument, and causing no loss of gener-
ality, we shall prove the theorem for 2¢ (instead of t).
Aiming for a contradiction, let ¢ > 1 be an integer
and suppose that f(z) € C[[z]] is a transcendental
function which is analytic in the neighborhood Q C
C of the origin given by

flz)= Z apz”
k=0

such that a; € Q, for all £ € [0,2¢], fF(QNQ) C

Q and den(f(p/q)) = O(¢"), for all p/g € &N Q
with ¢ sufficiently large. Note that, without loss of
generality, we may assume that f(0) = 0, that is,
ag = 0.

Let F'(z) € Q[z] be the polynomial given by

2t
F(z)= Z anz".
n=1

Then, there exist polynomials P(z) and Q(z) in Q[z]
of degrees at most ¢t such that

P(z)
Q(2)
where K(z) € CJ[z]] is analytic in a neighborhood of
origin. Indeed, suppose that

In order to

R(z) := = F(2) 4 22 K(2),

Q(z) =g+ qz+ - + @2,
and consider the product Q(z)F(z) given by
Q(2)F(2) = bz + - + b3 2%

Therefore, we need to determine qg, q1,...,q in Q,
not all zero, such that b; = 0, for all j € [t+1,2t]. In
other words, we want a non-trivial rational solution
for the ¢ x (¢t + 1) homogeneous linear system

asqo + ag—1q1 + - + arqe =0
azt—1qo + a2t—2q1 + -+ + ap—1gt =0
a+190 + aqr + -0 + a1 =0
in the variables qg,q1,-..,q:. Since the number of
variables is larger than the number of equations, then
a basic Linear Algebra result ensures the existence of
a solution (qo, - .., q:) € QT\{(0,...,0)}. Now, let
J > 0 be the smallest non-negative integer such that
g; # 0. Thus, we may suppose that ¢; = 1 (because

[Vol. 100(A),

0,...,0,1,¢j41/¢,---,q:/q;) is also a solution of
the previous linear system). So, we define

P(2) :=bj129 T 4 b 029 T2 4 4 byt

Therefore
P(2) = Q(2)F(2) + 2**15(2),
with S(z) € Q[z] and so
P(z

W R&=g0)
where K(z) = S(2)/(1 + gj412 + -+ + q2'77) is
analytic in a neighborhood €' C C of origin.

On the other hand, we have that
(2) f(z) = F(2) + 227 K (2),

where K(z) is analytic in Q. Let M’ be the smallest
positive integer such that 1/M’ € QN Q. Thus,
combining (1) together with (2) and for all positive
integers M > M', we get

R s ——

where
1 - /1 1
My=|—K|—)|-K|—]|.
oo =[5 (57) = (57

Now, by hypothesis, f(1/M) = Ay /By € Q,
with ged(Anr, Byr) = 1 and By < CiM? (for some
positive constant C7). Moreover, we have that

M MP*=I 4 @iy MI= gy

is a rational number. Note that, if we suppose that
f(1/M) # R(1/M) for infinitely many integers M >
M’ then

0 b)) e

for all integer M sufficiently large (say M > M, >
M"), where Cy = 2C;. By (3) and (4), we obtain

that
1 1
v <7 (3r) -# (3r)
=y
1
yielding to the absurdity that M?2?'*H1—7 <« M7,
for infinitely many positive integers M for which

=t () =+ (1)
G
f(/M) # R(1/M).

=F(z) + thH*jK(z),

<
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Therefore, f(1/M) = R(1/M) for all large
enough integer M, say M > M;. Thus, f(z)
and R(z) coincide in the set {1/M M >
max{Moy, M;}} C Q@ N Q' which has a limit point.
By the Identity Theorem for Analytic Functions, we
infer that f(z) = R(z), for all z € QN Q' with con-
tradicts the transcendence of f(z). The proof is then
complete. O

Acknowledgements. D.M was supported by
CNPq-Brazil. Part of this work was done during a
visit of D.M and J.L to IMPA (Rio de Janeiro) which
provided them excellent working conditions. P.T.
was supported by the Project of Excellence, Fac-
ulty of Science, University of Hradec Krélové, No.
2210/2023-2024.

References

[1] J. Lelis and D. Marques, On transcendental en-
tire functions mapping Q into itself, J. Number

Theory 206 (2020), 310-319.

(2]

A note on transcendental analytic functions with rational coefficients mapping Q into itself 45

J. Liouville, Sur des classes trésétendues de quan-
tités dont la Valeur n’est ni algébrique ni méme
réductible a des irrationnelles algébriques, C. R.
Acad. Sci. Paris, 18 (1844), 883-885.

K. Mahler, Some suggestions for further research,
Bull. Austral. Math. Soc. 29 (1984), no. 1, 101-
108.

E. Maillet, Introduction a la Théorie des Nombres
Transcendants et des Propriétés Arithmétiques
des Fonctions, Gauthier—Villars, Paris, 1906.

D. Marques and C. G. Moreira, On a variant of
a question proposed by K. Mahler concerning
Liouville numbers, Bull. Aust. Math. Soc. 91
(2015), no. 1, 29-33.

D. Marques, J. J. R. Aguirre and E. Silva, A
note on lacunary power series with rational co-
efficients, Bull. Aust. Math. Soc. 93 (2016), no.
3, 372-374.

J. M. Whittaker, On series of polynomials, The
Quarterly J. Math., 1 (1934), 224-239.



