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68. YFigonomettioal netpolation.

By Gen-iehir6 SUNOUCHI.
Maematieal stitute, Tohoku Imial Univeity, Sendai.

(Comm. by S. KAKEYA, M. I. A. Dec. 12, 1946.)

1. Let () a contuous nction. It is well own that there is just

one onometdc polynomi of order n which coincid th /() in e
pots"

2=
x=i,,2.l (i=0,1,2 ,2.).

If we ite
.(t) x q O, 1,2, 2.)

for xi t x+l. thed polynomi bom

U., x) ’ sin(.+()(t) d. (t)

1 " s(, + )--x)
2,+1 0 ]() s }(-)

]. Mcinkiewicz [1] has ven a contuous ion f(x) which do not

satisfy

(1) U.(/,)-/()l O(
=1

evwhe. In 2, we prove that (1) holds aost evhe for f(x) sa-

tisfying a cain continuity condition. 3, we prove inequity rems
concning inteolation polynomis which e the alogon of the the-

reins due to Littlewood, Pey d Zygmund concning Foi serif. The

si =2 ofo theoremse already prov by J. Mcinkiewi [2, 3].
2. If we denote

,() Max

d
2 2

then we get

1

converges alst eveowhere. Accordingly under the same hypothesis

U. (L x) /(x) dx o
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almost everywhere.
For the proof we begin with some lemmas.
Lemma 1. If f(x)is continuous, then

(Z Vn(f,x) dx’ AM<axlf(x)l
This is due to J. Marcinkiewicz [1].
Lemma 9.. /f f(x) is continuous, then On (x) converges uniformly to f (x).
This is due to A.C. Offord [6].
We will now prove the theorem. By Lemma 1, we have
2 1 / 2,’r \

TO=x=2

d then

Un (X x) On (x) dxB

Since the right-hd side seri eonvg, the inteand of the left-hd
side is finite aost evwhere. By Kreek’s theorem

N

.1 u. (L x) o (x) o(

almost everywhere. In view of Lemma 2, we get
N
1U.(L x) /(x) o (

almost eye--here. Tus the theom is prove.
F ( cverges,Theorem 2. If ,o,, Unk (f, x) convenes to f (x) almost

everywhere.
Proof is immMiate by the fact

=x
U. (L x) 0. (x) ax c ,o

3. We denote by A the cla of absolutely contuous function f(x)
with f(0) f (2=) 0 and f’ (x) L; by U’n (L x) the derivative of Un (L x)
and lastly by f the exprion

After Mekiewiez-Zygmund [4] we denote the interpolation polynomi-
n (n) eu Fther we putal b?, co

=1
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and

then we have

and

,,’,, (f ) ( g’.. (, )) n,
i=1

U’.k(f,x)--a’.k(f,x)l Pdx_<_ If’(x) ldx

(n+l/n > a > 1).
Accordingly

u’.(L x) -f (x) o(
=1

alst everywhere and U’n(L x) converges.to f’ (x) alst everywhere if n+l/
n>a>l.

oofs after Zygmund [7]. We reque three lemmas.
Lemma 3. If f’ (x),A (1 < p < ), then

f-- sn # C n-2 iLf" ,
where sn is the n-th partial sum of Fourier sies of f(x).

For, by Mcinkiewicz [2]
S- s. (/) n- C il/’ ,

and then

f- Sn C n-1 f" S’n C# n-2 " ,
which is the require.

Lemma 4. If f’ (x),A (1 p ), then

U". (], x)il f’ .
For, by Mcinkiewicz [2] we have

Therefore using Lemma 3, we can prove this lemma by the method Mogous
to Mcinkiewicz [2].

Lemma 5. If p > 1,

2 N
U,kn (fn b 2

2
dx A l/’.(x)l dx

#r fA, and
2 N -P

V".(f.,D gx 1 (x) dx,

for f" A.
For sia, U’n (L x) and U"n (L x) e line opations on f’ (x) and f"(x)

resptively, we get the lemma by using Rademacher’s fctioa. (el. Mar-
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cinxiewicz-Zygmund (5)).
The proof of the first half of the theorem is now immediate by lemma

5, if we put s. (e ) by U’. (f, x), s’. (eO), by U". (f, x) and lastly
) in Zygmund’s argument [7.

Lemma 6. If f(x) A, :n (f, x) converges to f" (x) almost everywhere.
This is known [2].

The later half of the theorem is immediate by using lemma 6. Thus the
theorem is now completely established.
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