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89. A Generalization of a Theorem of Suetuna
on Dirichlet Series.

By N. C. ANKENY.

Institute for Advanced Study, Princeton, U.S.A.
(Comm. by Z. SUETUNA, M.J.A., Oct. 13, 1952.)

Introduction.

Professor Z. Suetuna proved in Téhoku Math. Journal 27, 1926,
248-257, the following interesting theorem: Let ¥, ¥, ¥; be any
three primitive Dirichlet characters, i.e. mappings of the multipli-
cative group of the rational numbers (mod m), for some integer m,
into the unit circle in the complex plane. Let

L, =320 5is)>1

be the corresponding Dirichlet L-series.
Theorem 1: If

ZO=TLe1),  RE)>1

when developed into a Dirichlet series has mon-negative coefficients,
then

(1) Zy(s)=C(s)’
or

(2) Zy(8)=C(8)Cr,(8)
or

(3) Zy(s) =Cr8) »

where ((s) is the Riemann zeta-function, Cr(s) is the Dedekind
zeta-function of some quadratic extemsion of the rational numbers,
and (r.s) is the Dedekind zeta-function of some cubic Abelian ex-
tension of the rationals.

What we propose to prove in the following paper, is that if y,,
Xis + -5 X are any n+1 characters (mod m), not necessarily distinct,
with at most one of the characters being principal, and if

!ZO L(S, XJ)
has non-negative coefficients, then
(4) ,”o Lis, 25)=Cx(s)

where K is a finite Abelian extension of the rationals, and ¢.(s) is
the corresponding Dedekind zeta-function,
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(4) is, unfortunately, only a restricted generalization of Pro-
fessor Suetuna’s result; however, one can see that for a large n
there could not possibly be such a simple result as (4).

What we shall do in Section 2 is to reduce the problem to a

problem on polynomials in several variables which we will state
here.
Theorem 2: If
mi—~1 my—-1
S@, @y oo x)= 2 ... Oajl,...,j,xlil...m{'c

1==0  Fe=
18 such that
(@ f@©,0,...,0)=1,
®) aj,...,j, are all non-negative rational integers,
(¢) for each i, the greatest common divisor of the set j,' and m,
is 1, where j,' runs over all j, with at least one aj,...,j/,...,5.=0,

(d) f(Cf}zl, Cﬁ;z, ...,C%L)gO for all sets of integers iy, ty « ..y

2rd
where {,=e™ , then

t m¢—1

S (@, @y ooy )= gl( 124 x)) .

Theorem 2 will be proved in Section 8 for the case when t=1
and all essential details of the proof when ¢>1 will be given in
Section 4. Section 1 will consist of a few introductory definitions
and lemmas. Section 2 will show the relationship between (4) and
Theorem 1, showing that Theorem 2 implies (4).

We may note that (4) will also hold for L-series defined in any
algebraic number fields, and the proof is almost identical with the
following.

Section 1.

Definitions: a, b, ¢, d, &, k, I, m, n, ¢, j, w, will always denote non-
negative rational integers. p will always denote a positive rational
prime, and

2mi
{n=em .

¢(m), p(m) denote the Euler and the Mobius functions, respec-
tively.

R denotes the rational numbers, and R(,) is the field attained
by adjoining ¢,, to R.

Lemma 1: The irreducible equation satisfied by ¢, in R is

(5) g(@)=1T 129y i)
furthermore,
(6) SR(¢m), R(Em)=p(m) ,
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where Sr(¢,),R(.) denotes the trace of ¢, from R(¢,) to R; and

(7) (B(n) : R)=g¢(m) .
Proof: The statements in Lemma 1 are all well-known facts
about cyeclotomic fields and equations and will not be included.
Lemma 2: If « is an algebraic integer contained in an algebraic
field F' of degree ! over R, and if « and all its conjugates over R
are positive, then

Sp, z(a) =1 .

Proof: Denote by a=a®, a®, ...,a® the conjugates of «.
Then by the arithmetic-geometric mean

3 I3 1 1
S @)= 3 a©zI [T a®)T <UNp @) =L ,
=1 =1
as Ny x(a) is a positive integer.

Section 2.

Let # denote the least common multiple of all conductors of the
characters xy, X1 «.., X. in the Introduction. Let G be the smallest
group of characters defined (mod 4) which contains our set (x,).
Denote by 7, 7, ..., 7, a set of generators of G each of order m,,

My, « o+, My, Tespectively (le. tmi=1, and m, is the least positive

integer for which this is true).
Denote by aj,...,j, the number of times <Ji, zJs, ..., zjr for

7i=0,1, ..., my—1 appears in the set (y). We see from the defini-
tion of the aj,...,;, that they are non-negative.
Now for N(s)>1, we have by the Euler product that

Lis, 2)=1—1ip)p™) " =exp{ 531 BV}
Therefore,
n my—1 my~1 m;—1  Qfpreees ]
ITL(s,x)= I IT ... II L(s,ch...zje) " ¢
1=0 J1=0 j2==0 Je=0

mi—=1 my—1 g; 1. .. the(p?) o
_7190"7.76 p C
=exp{ Z E Z lqs : } l:ls
g9=1 p 5i=0 .7:==0 gp l=1

By hypothesis ¢,>0, and in particular ¢,>0 for all primes p.
Now

Cp= Z . Zoa’]l’ ,.7,,1'-71 T‘Zb(p)

J1=0 Ji=
m1—1 5-1 i A .

=23 . Z @iy« s 51 TJUD)TPD) « o T]e(D)
J1=0 .h-—

By Dirichlet’s theorem regarding primes in an arithmetic pro-
gression, we have for every u such that (u, 2)=1, there exist
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infinitely many primes p such that
p=u (mod &) .

Hence, for any given ¢ triple (4,, ..., 4,) with 0<¢,<m;, there
exists a prime p such that

Tj(p)=Cf,’l ;e
Also by Dirichlet’s theorem, and the fact that the real point

on the line of convergence of a Dirichlet series with positive coef-
ficients is a singularity of the function, we see that s=1 is a

singularity of II L(s, ;). Hence, at least one character must be
=0

principal, and by hypothesis this means only one character is

principal, i.e. a,,,,.,=1.

ml—l mt~1 . .
Let  f(@wy oeosa)= > oo 30 Qg i@t @i s
J1=0 ;=0

Hence, by the above we see f(xi, ..., w,) satisfies all the con-
ditions of Theorem 2, except perhaps (¢). But (¢) must be satisfied,
otherwise the group of characters G is too large for our purpose.

Assume for the moment we have proved Theorem 2. This would
imply that aj,...,5,=1 for all (j,...,7). Therefore, our set of
characters (y) coincides with G. It is then well known by Class
Field Theory that there exists an Abelian extension of R whose ray
(rayon) group in R will coincide with the kernel of the homomorphisms

of G acting on BR. We then see that [7} L(s, x;) must be the zeta-
=0
function of this Abelian extension, and so Theorem 2 implies (4).

Section 3.
We shall give here the proof of Theorem 2 when t=1.
Case 1. m;=p. Consider

SER((¢ ), R(f(cp))=SR<§p>,R(gaJC £)=§ajSR(cp), Rr())

=(p—1)ao—<j§ aj)=(20—'1)—'<j§ aj><p——1 ’

by properties (a), (b) and (c) of Theorem 2. By assumption (d),
f(¢,) is a totally positive (=0) algebraic integer in R(¢,) which is of
degree p—1 over R. Hence, by Lemma 2

f(€)=0.

Therefore, by Lemma 1,
p-1
f (w)=§ow’ .
Case 2. w(m)=h>1 where if m=my=ppS ... pcr, ¢,>1, then
wim)=c,+cC;+ ... +c,.
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We have shown that Theorem 2 is true if w(m)=1. Proceed-
ing by induction, assume the theorem is true if w(m)<h—1.
Define

n-1
9(¥) =2, aus’
where p=p, and n=m/p. Then
1 p-1 . 1 p-1m-1 i« o m-1 1 p-1 :
(8) S ESC=— & Sacs=Sa( Sor)
p T=0 p i=0 j=0 =0 i=0

= :g Ay CDM_. Z a'ijn —gn(Cn)

So by (8), we see that gn(y) is non-negative for y=¢? for
v=0,1,2,...,n—1. By the definition of g,(y) we see that the
coefficients are non-negative and that ¢,(0)=1. Hence, g,(y) satisfies
every condition of Theorem 2, with t=1 and m replaced by », except
perhaps condition (c).

Let d be the greatest common divisor of the 5/ and » where j/
runs over all j such that a,,==0. Hence,

nld-1

gn(y)= % a’pdjydj
_ nld-1
If A= D a,u?, y=z,
J=0
then ¢,(z) satisfies all the conditions of Theorem 2 with m replaced
by n/d. So by induection,
_ nld-1
In(2)= X, #’
j=0

or
nl/d-1
(9) (@)= 3« .
J=0

By (9) the roots of g,(x*) are ¢! where [ is not divisible by

m[pd. Furthermore, by (9) g,(x?) is non-negative for any mth root
of unity.

As the elements on the left-hand side of (8) are non-negative,
we have that f(¢%)=0 if m/pd.tIl. Hence, g.(x?) divides f(x), or
(10) S(@)=g,(=")h(z)
where the degree of () is <pd by (9). Also by (9) and the fact

that f(x) has non-negative coefficients, 4(x) has non-negative coeffi-
cients :

h(0)=-0) _
0= 9.(0)

Again by (9) g.(¢2)>0, so h(c =0 for all 4.
If w(pd)<w(m), then h(z)— ”” so by (9) and (10),
—&
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_1-x
Sflx)= .

If w(pd)=w(m), then as d|n, pn=m, we have d=n. Hence by

9), gul@?)=1.
In formula (8) let v=0, so

12t .
= S rE=1,
or
p-1
an SFE=p—r@).
Now f(1)=2, as the coefficients of f(x) are non-negative, f(x)
satisfies condition (¢), and f(0)=1.
So by (11)
SR((p),R(f(Cp))<p"‘1 ’
or by Lemma 2

Sk rRUIC))=0.
Hence, by (11)
2 fQ=p.

(12) would give a contradiction if m had two different prime
factors, as then f(1)=p,, f(1)=p, with p=Fp..

So we are reduced to the case m=yp°, ¢>1.

Again by (8), letting v=Fkp°~2,

18)  SewRUCH)= SfC= 5 5 A

p-1 p-1 -1
Z 2SR P = 3 p=p"—p .
=1 1=0 p k=1
But by Lemma 2, i.e. the arithmetic-geometric inequality, this
implies f(¢%:)=1 for (i, p)=1. Similarly, we see that f(C‘ =1 for
(@, p)=1. So
1 if p'he
(14) FCpd={ p if i=0
0 otherwise.
Now compare f(x) with the polynomial

pcll 01
F(.’L') =1— p-czxpj_l_plczxj

We note that F'(x) has the identical behavior as f(x) at the p° points
in (14). As the degrees of f(x) and F'(x) are both less than p°, we
must have that f(x) and F(x) are identically equal. As ¢>2, we
see that F'(x) will have non-integral coefficients, which gives a con-
tradiction.
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Section 4.

In this section we shall prove Theorem 2 for ¢=2, and note that
this proof can be carried over automatically for £>2:

m1—1 Mo — -1

f(ml)w2)_ Z Z ajl,hxmch.

J1=0 72=0
Assume Theorem 2 is true if w(m,m,)<h. We note that we
have proved the case when A=1, as then m, or m, equals 1 and
this falls under the case when t=1. Assume w(m,m,)=h+1 and let
plmy, m=mlp. Let

S(@y, @) =g0, p(&F, @) + g1, p(@1, @)

where
1 1 my— 1 . .
Go, p@0s @)= 3 3 apjy, 5, oPha)
J1=0 7>=0

and ¢, ,(x,, x,) contains the other terms of f(x,, ;). Denote z?=i7,.
So gy, »(&1, ) is a polynomial of degree <mu, in x,, of degree <ms, in
x, and

V1 +nt

9o, p(cvl7 C’vz )——' Ef(C ’ C:;)'
Hence, g, ,(%,, x,) satisfies every condltlon of Theorem 2, except
perhaps condition (¢), with m,, m, replaced by n,, m,.

As w(nm,) <w(mm,) we have by induction that (concerning d,,
d,, see d in Section 3)

n/di—1 ma/dy—1 ) .
Go, o, )= >, S wpdiig,dade .
jl =0 jz-_—O
Unless d,=n,, d,=m,, as in Section 3 then

ml—l my—1

Sy, )= Z Z wjlx.h .

J1=0 J2==0
If d,=n,, d,=m,, then

(15) A, ) =p

for all v, v,. Then (15) ylelds a contradiction.
The case when #>2, proceeds precisely as in the case when
t=2.

v +me



