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123. Simple Proof of a Theorem of Ankeny
on Dirichlet Series.

By Koziro IwASAKI.
University of Tokyo, Tokyo.
(Comm. by Z. SUETUNA, M.J.A., Dec. 12, 1952.)

Mr. Ankeny has proved recently the following theorem?®:

Let %1, Xs **°s Xu be n primitive Dirichlet characters with at
most one of them being principal, and let L (s; ;) be Dirichlet L-
series corresponding to X. If then all coefficients of the Dirichlet
series

Z(s)= 21;11 L(s; x2)

are non-negative, then Z(s) is the Dedekind {-function of some Abelian
extension of the rational number field.

In the following I shall give a simple proof of this interesting
theorem. Let H be the set of all distinct characters among ¥, .,
«ee, %s, and G the group of characters generated by H. Further
let a, be the number of times x, one of the elements of G, appears
in {X, X +-+, X»} and f the least common multiple of all the con-
ducters of our characters. It is easily shown that

Z(s)=1II L(s; x)™
XEH
=exp| >, > (% axx(p")/gp“)).
D 9=1%XEH
So we get as the coefficient of 1/p* in Z(s)
> axX(p)=2> axx(p).
XEH XEG
By the hypothesis of our theorem
%axx(p)go for all prime numbers p,
x
so that we have by Dirichlet’s prime number theorem
@) Fu)=> ax(u)=0
XEG

for each u of the representatives of the reduced classes mod f.
From (1) we get

@) 90— 3 17 WFW),
where ¢ is the order of G; in particular
gaxo_—‘ul%fF(u)’ (u9 f)':l,
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where y, denotes the principal character. From (1) and (2) follows
gaxgumzmlx*(u)ﬁ“(u)l=u§0dfF(u), (u, f)=1,
=Gy
Oy = Qe

By this inequality we can see a,,>=1, because a,>0 for some
character y. But by the hypothesis a,,<1. We have therefore

®) =1,
and a,=1 or 0 for all XeG. From (2) follows
gar= 3 1WFw)
- 3 1F0= 5 2 @Fw

2% mod f
=gy,
so that
(4.) Ay~1=0Qy, «
If a,=1, then
0=ga.,— gax
— 5 A-R)F@), (s )=1.

Thus we see that if a,=1, F(u)==0 with (u, f)=1, then x(u)=1.
Accordingly if a,=1 and a, =1, then from F(u)==0 with (x, f)=1
follows y(u)=1, y’(w)=1, and also yy'(w)=1. So we get
9= 3, (11 00) F )
d S « mod f

2% MO
F(uw)=0

=0yy;
®) Qpr=0y,=1 for a,=ay,=1.
By (3), (4) and (5) H is a group and consequently coincides with

G. Therefore a,=1 for all ¥ in G, and we see Z(s) is the Dedekind
¢-function defined in the field corresponding to the character group G.

Remarks.
Ankeny’s auxiliary theorem (theorem 2) is not correct, if £>1.
For, in the case t=2, m=m.=3,
S (@1, @) =1+ w0, + 213
satisfies all the conditions of this theorem; but f(, @) is not equal
to
A+ +ad)(A + x,+ ad).
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If now we consider the function

L(s; x0)* L(s; x) L(s; %),

where y is a primitive character of order >4, its coefficients are
all non-negative, but it can not be represented by the product of
Dedekind ¢-functions. Observing such an example, it seems difficult,
as Ankeny remarks, to get a result in general, when the prinecipal
character appears more than one time?®.
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