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124. On the Existence of Periodic Solutions for
Certain Differential Equations

By Shouro KASAHARA
Kobe University
(Comm. by K. KuNucl, M.J.A., Dec. 14, 1953)

In this note we shall give the existence theorems on the periodic
solutions of the differential equations

d dx dx _
(1) (6@ S )7 @) S +g@) =)
(2) o () 22 @) 22 4 g@) = et

where e(t) is a periodic function of ¢ with the least positive period
» and XZ(t)dt =0, and |e(f)|<e. Moreover, we suppose that a'(x),
0

g(x) and e(t) have continuous derivatives and f(x) is a continuous
function.

Of course, the proofs of the following theorems follow from
the fixed point theorem. Therefore, it is sufficient to show that
the existence of a curve which encloses the domain satisfying the
hypotheses of the fixed point theorem.

Theorem 1. Suppose that the following conditions are satisfied :

(a) a(x)>0 for all .
(b) f:f(w) dax (=F(x)) >+ o as x—>+ o respectively.
(¢) There exists a positive number z, such that xz-g(x)=>0
for x| = .
Then the equation (1) has at least one periodic solution of period w.
Proof. We consider a pair of first order equations,

a(x)fl_i” = y—F(@) +E({t) =y - F(z) +Le (t) dt
(8) &

—d—t——~g(x)

instead of the equation (1).
For a positive number ¢, we choose an z-value &(=x,) such
that
F(x)>m?.xE(t)+e for x=>¢,

F(x)<<minE(t)—¢ for < - ¢,
and a positive number 7 such that , < e/A (&) and < —€/A(-§)
where A () = j':a (z) dz .

Now, we consider three functions
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Iz, y) =%ly-—nA)? for 2| L€,
I y) =3ly—nA@E)F+ 0 (x)- 2 (8) for x>¢,
Iz, ) =3[y—nA(=F+@(x)—@(—¢) for x<-¢,

where @ () = ja () g (@) dz .
Then we have

M:[y—nfl (w)_' [%%_—-770/(93) d—x‘]

dt
=—n[y—nA (@) +[y—7A(x)]
{~0(@) [~ F @) +14@)+E@L
8Dy -4 1L+ ale) g(0) L

=g () [-F (@) +E (£)+ 4 (8)]

aly(x,
D)y @) [~ F @)+ E@+7 A(-0).
Accordingly, if we choose |y —7A (x)| sufficiently large, we have
ar; al (@, y)

7 <0 for |x| <L ¢, and 7 < 0 (=2, 8) is clear in the sense

of & and 7. Hence, we choose C (> 0) sufficiently large, and con-
sider three curves

Iz, y)=0C for |w|§€,
I, y)=C for z>¢,
Iz, y)=0C for z<—¢.

These curves enclose either a bounded domain D (it is the case
@ (x)> as |x|—>o) or an unbounded domain D. In the first case,
the curve (z (), y(¢)) ((=0) remains in D if (x(0), y(0))e D. In
the second case, since y is bounded for (x, y)e D, (8) shows that

if we take & sufficiently large, % <0 for z=¢, %> 0 for

2 = —&. Then the same as above is true for the domain (x, y) € D,
2] < 6.
Theorem 2. The equation (2) has at least one periodic solution
of period o, if the following conditions are satisfied :
(a) a(z)>0 for all =z,
and x-a'(x) >0 for |z|=2.
(b)) F(x)/a(x)—>x oo as x—>+ o respectively,

. e’-a*(x)
and P02 to@ g —e) T 17125

where F(x) =S:f (x)dx .

(c) zlg@)—e®)]>0 for |z|=zm,
where x, 18 a positive number.
Proof. We consider a pair of first order equations,
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0@ % = a(@)y—F (@)

a/ (%)
a’(x)

a (x) %lll =&l F(x)—g(x)+e(t)

a(x)
instead of the equation (2).
First we take &(=x,) such that z-F(x) >0 for |x|=>¢€.
From the hypotheses we have

a
(4) 4880 P [ @) —e (6] > 0
for x>>¢, and hence, there exists a continuous function + (x)
which satisfies following inequalities

\ et) d@) ., a'(®) ., e(t)
5) v@+ [0 - re e R

~489 ) @) <0
and v+ 10 0.
Because, if we denote the s which always cancel the left side
of the inequality (5), by «n(x, ), Yu(x, 8) (Yo (2, ) > ¥a(2, £))
respectively, then we have

mtin V (, t) — max g (%, T) = — 25(—90)

+ 4;/“{”2 F* () [g (#)—€] > 0 ,

and hence, if we take ¥ (x) satisfying
mzn Y1 (@, &) =V () = m‘aX Yra (x, ©)
then we have
9 (x) e a' (x)
> 2
YO i Za@ T aw

-2/ %) )l (o) -] + 1)

Accordingly, for such a +(x), we have

1l e} 2o

() ., e (t) F(%) g(x)
+[~Mw) * )F (@) + a(x)] a(x)["'( )+a(w)]
for x>¢.

For z< — &, since the inequality (4) is true, and by the con-
dition (b), we can similarly see the existence of a continuous
function + (¢) which satisfies the inequality (4) and

g ()
a(@m) =0

Y () +

In fact, we have
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vy + LB < e 0@ by

@ () a@ * aa)
a (x) 2 g (x)

Now, take such a continuous functlon «p(w), then

ar e+ Ly f5 ]} o0

for 2> —¢.
Next, we consider three functions
I, v =~""21 for |z <é,
_ g(x)
Lz, y) = j [W( )+ o )]d tor x>¢,
, _v g(a)
I (x, y) +j [«Ir(:c)+ ( )]dx for 2 —¢.

As we have seen above, % Nz, <0 (1=2,8) for 2>¢,
x < — & respectively. On the other hand, for Ii(z, y),
dli(z, y) _ o= s [¥@)
dit - aim) T @Y +[ Pyt @) g(x)+e(t)]y,

so, if we take |y| sufficiently large, we have ;ld?[’, (x, ) Z0.

Hence, let C be sufficiently large, and consider three curves,
Iz, y)=C (t=1,2,8), then if these curves enclose a bounded

domain, the theorem is clear from —gt— [i,5) <0 (G=1,28). In

the case when these three curves enclose an unbounded domain D,

since y is bounded for (x, y)eD, dx/dt=1y _F@) shows that if

a(x)
we take &, sufficiently large, dx/dt <0 for x = ¢, and dz/dt >0 for

x=—§&.
Remark. In the above theorem, if two constants « and B exist
such that
o (2)-sighx =0 >0 for |z|=w,
[g(x)—e(®)] signw =8> 0 for |ax|=m,
then the condition (b) is simplified as follows:
(b") F@) 4 o as x — + o respectively.
a(x)
In fact, from the existence of « and B, and the condition (b'),
it can be easily seen that there exists an xz-value &§ (= x,) such that:

2 e a’(x)
@ aaw-en 26




