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195. The Theory of Nuclear Spaces Treated
by the Method of Ranked Space. III

By Yasujiro NAGAKURA
Science University of Tokyo

(Comm. by Kinjiré6 KUNUGI, M. J. A., June 12, 1971)

In the papers [3] and [4], we defined the neighbourhood having a
rank in the nuclear space @, and then we made the @ a linear ranked
space.

§ 4. The completion of the linear ranked space @, (1).

Definition 4. We say that a sequence {g,} in @ is R-convergence
having a limiting point zero, if there exists a fundamental sequence of
neighbourhoods {V, i(O, 14, M)} such that g; ¢ Vri(O, r;, my) for allt. And

we denote it by gni 0.

In the paper [4], we defined the equivalence of two R-Cauchy se-
quences in @, so that the set of all R-Cauchy sequences in @ is divided
into equivalence classes. We denote by @ the set of all these equiv-
alence classes.

Now, suppose ¢, f e @ and let {9.} and {f.} be two R-Cauchy se-
quences in @ which are in the equivalence classes § and f, respectively.
Then {g,+ f,} is an R-Cauchy sequence. Moreover if {g’,} and {f",} are
R-Cauchy sequences equivalent to {g,} and {f,} respectively, then
{9'n-+Fu} is equivalent to {g,+f,}. Thus we can define §+f as the
equivalence class which contains {g,+ f.}, and the definition depends
only on ¢, f, not on the particular choice of {9.}, {fn}. Likewise, for
any scalar 4, we define 44§ as the equivalence class which contains {4¢,}.
The zero element of & is the unique equivalence class all of whose mem-

bers {g,} are such that gn—R-—» 0.

Now, we shall define a neighbourhood with rank ¢ in @.

Definition 5. We define a neighbourhood, V,(0, r, m), of the origin
ind. ¢§eV,0,r,m) means that for an R-Cauchy sequence {9} belong-
ing to ¢, there exist some number 7/, 0 <7< and some integer N such
that the relation n=N implies g, € V,(0, 7/, m). And we call V0, r, m)
a neighbourhood with rank ¢ of the origin in @.

Moreover we define that the neighbourhood with rank 0, which is
denoted by VO, is always the space @.

We shall show that in the definition above, every R-Cauchy se-
quence {g,} belonging to § has some number 7, 0<7'<r and some
integer N such that the relation n=N implies ¢, ¢ V,(0, +/, m).
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Suppose that two R-Cauchy sequences {g,} and {f,} belong to the
equivalence class ¢ and there exist some number 7/, 0 <7’ <r and some
integer N such that the relation n=N implies g, ¢ V,(0, 7/, m).

By Definition 3 in [4], there exists a fundamental sequence
{V,i(O, 1My} such that g,—f; e V,i(O, r;, m;) for all integer i. By
Lemma 10 in [4], there exists some V,j(O, r;, m;) in {V,i(O, 14, M;)} such
that V,(0, 7/, m)QV,j(O, ry,my) with m<<my, 1<y, and »’ >r;. And then
we have V,(0,7",m)2V, (0, 7,, m,) for n=j.

Since 7; | 0, there exists some integer ! such that »—+" >, 7<I and
N<l. And hence for all n>1, we have

fnz(fn_‘gn) +9n € Vrn(o! Ty mn)+ Vz(O, ’i"/, m)
cV,0,r,, m,)+ V0,7, m)CV,(0,r,+7,
min (m,, m))C V0, r,+ 7', m).
Since 7, + 1’ <r, we assert.

Now, we define V,(4, r, m)=¢ + V.0, 7, m) as a neighbourhood of g
in @.

Lemma 14. We have rVi((), l,m):Vi(O, r,m) for any r>0 and
any neighbourhood V.0, 7, m).

Proof. Let g belong to V.0, ¥, m). Then for an R-Cauchy sequence
{g.} belonging to §, there exist some number 7, 0<r,<r and some
integer N such that the relation n=N implies ¢, € V,(0, 7, m). And
then we have

9.]7r € Vi (0, 1,/7, m) for n=N.
Hence it is clear that we have §/r e V00,1, m) by Definition 5. Conse-
quently we obtain V.0, 7, m)CrV (0,1, m).

Conversely, let § belong to »V,(0,1,m). Then we have g/re Vi
(0,1, m). Hence for an R-Cauchy sequence {g,} belonging to ¢, there
exist some number 7, 0<7,<1, and some integer N such that the re-
lation n=N implies g,/r € V,(0, r,, m).

And then we have g, ¢ V,(0, rr,, m) for n=N. Hence it shows that
ge V.0, r, m) since 0<rr,<r. Consequently we obtain

1V.,00,1, m)CV (0, 7, m).

Lemma 15. We have V (0,1, m)2V (0,1, m) if j<i.

Lemma 16. We have V,(0,1, m)2V,0,1, m) if m'<m.

Lemma 17. We have V,(0, 7, 'm);Vi(O, ', m) if v<r.

Now, we shall define the fundamental sequence of neighbourhoods
in @.

Definition 6. When a sequence of neighbourhoods {17”(0, Ts M)}
in @ satisfies the following conditions, it is called the fundamental se-
quence in @,

(1) there exists some integer 7, such that

V,i(O, 7y my) ="V, for 0,



872 Y. NAGAKURA [Vol. 47,

(2) 7:=74,, for i>%, and y;,— oo,

3 r;=r;,, for >4, and r;,—0,

4) m;=<m,,, for i>1, and m;—oo.

Lemma 18. If {V (0 75, M)} 18 o fundamental sequence of netgh-
bourhood in @, then § € V [0, r;, m;) for every i implies g=0.

Proof. By Deﬁmtlon 6, there exists some integer i, such that
V,(0,7,m)=V, for i>i. Since ¢ belongs to V,(0,r;,m,), for an R-
Cauchy sequence {g,} belonging to ¢ there exist some number I,
0<1,<r; and some integer N, with 4,<N;<N,,, such that the relation
n=N, implies ¢, € V,L,(O, l;, my).

If we set V. (0, ', m')=V, for 0<i<N,,

V. 0,7, m' )=V, (0, r,m,) for N,<i<N,
and
(O 7ym' )=V, (0,7, m,) for N,<i<N,, etc.

Thus since {V (0 15, M)} is the fundamental, the R-Canchy se-
quence {g,} belongs to the zero element in @.

Lemma 19. (1) V0, r,m) is circled.

@2 V.0, r,m)+ V0,7, m)S V0, r+7, min (m, m’)).

Proof. (1) Let ¢ belong to V0,7, m). Then by Definition 5,
there exist some number 7,, 0<r,<<r and some integer N such that the
relation »=N implies g, € V;(0, 7, m). Since V (0, r,, m) is circled, the
relations n=N and |@|<1 imply that ag, belongs to V,(0, r,, m). Con-
sequently, ad belongs to Vi(O, r,m).

(2) The relations § e V.0, 7, m) and fe V.0, +, m’) imply that for
two R-Cauchy sequences {g,} € § and {f,} € f, there exist some numbers
7, and 77, with 0<r,<r and 0<r, <1’ respectively, and some integer N
such that the relation n> N implies g, € V,(0, 7y, m) and f,, € V0, 1y, m).
And hence we have, for n=N, ¢,+f.<€ Vi(0,r,m)+ V0,7, m)
c V0, r,+7, min(m,m’)). Since the R-Cauchy sequence {g,+f.}
belongs to g+f, we have Q-}—f c Vi(O, r+7, min (m, m’)).

We can show in the same manner in [4], that the ranked space )
is the linear ranked space.

Theorem 1. The linear ranked space ® is complete, that is, any
R-Cauchy sequence of elements in @ has o limiting element in @.

Proof. Let{j;} be the R-Cauchy sequence in é. Then by Defini-
tion 6, there exists a fundamental sequence {V (0, 7, my)}, where
V (0 7, M) =V, for 0<i<i, and V (0 ri,m)ﬁ;V for 1>1,, such that
the relations k=t and h=i imply §i,— g, € V (O r,my). If two R-
Cauchy sequences {g{"}, and {g{}, belong to g and g, respectively, the
R-Cauchy sequence {g%* —g{}, belongs to (§,—§,). Hence by Defini-
tion 5, there exist some number r, 0<r<7; and some integer N such
that the relation n= N implies g0 —9g" e V, (0, 7, m;).
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On the other hand, since {9}, is an R-Cauchy sequence in @, there
exists a fundamental sequence of neighbourhoods, {V, a0y (0, 78, mP)},
in @ such that the relations n=¢ and m =17 imply

90 =9 €V, (0, 7, m;®).

And for all integer &k we can take V k(O 4y M) in {V,i(k)(O, i,
m{®)} such that ', >k, ', <1/k and m/; > k, where 7' <y ki1 75 > k41
and m/’, <m/,,.

And then we make g%, satisfy that the relation n=n(k) implies
90— 90 € V0 (0,77, M),

If we set f,=9%,,, {fx} is an R-Cauchy sequence in @. Because, let
V0, R, m)xV, be a arbitrary neighbourhood of the origin in @. Since
{V,, 0, 7;,m)} is the fundamental sequence of neighbourhoods, we can
find V., (0,75, m;) such that V,(0, R, m)2V, (0, 7;, m;) and R>7;.

Slnce the relations k=7 and h>=j 1mply Jr—0ne V (0 75, M), there
exist some number r=7r(k, h), 0<r<r; and some 1nteger N=N(, h)
such that the relation =N implies g% —g{» ¢ V,j(O, r,m;).

And then we have, for n=max (N(k, k), n(k), n(h))

Se—Tn= 9%~ 90 =950 — 98+ (9 —95) + (95 — 95
eV, (0,7, M)+ V, (0,7, m)+V, (0,1, m).

Since we have ¢/, >k, 1, <1/k and m/; >k for any integer k, we
can take k and % such that y',>7;, 72>71, Mi>my, m/,>m; and
e+, +r<l/k+1/h+r;<R. And hence we obtain

Vo (0,775, m/ i) + V,].(O, 7y my)+ Vo (0,77, m’y)

C V,J.(O, e+ r+1,,my)C V,j(O, R,m)cCV,0, R, m).
Consequently {f;} is an R-Cauchy sequence by Lemma 13 in [4].
Now, we shall prove that if the R-Cauchy sequence { f;} belongs to

fin @, fis a limiting element of the R-Cauchy sequence {¢}.

We have known the following facts in the proof above.

(1) For any Vm,(O, r;, M) in {V,i(O, r;, M;)} there exist some number
r, 0<r<r; and some integer N such that the relations m=N, [=7 and
k=1 imply g —g® ¢ Vri(O, r, Mmy).

(2) The relations m=4 and 1>7 imply

90— 9P € V, 40,70, mP).

(8) The relation m=n(l) implies

99 —9w € V. (0,77, m"y).

And then for any V.0, 7y, my ) and any integer k=17, we take j and
I such that 1/14+r4rP <r,, m® >m,, m',>m;, y,(k)>y; and 7/, >7..

Moreover we can take ! and m such that I>max(j,?) and
m>max (n(l), N, 7).

Hence we have for all [I=max (7,%) and k=1,

f g(k) —_— g(l) _gik) (ngz) (l)) + (g(l) g%f)) _l,_ (g(lc) g(k))
eV, 0,7, m)+V, (0,7, m;) + Vrj(k)(O 7, m§®)
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c Vri(o’ T/l’ mz) + Vri(o’ 7, mi) + Vri(O’ /,,;k), mz)

CV, (0, 7'+ 74+ 70, m)CV, (0, 1L+ r4+ 70, my).
And then the relation £>+¢ implies f— g, ¢ Vri(O, Py My).
Consequently the proof is complete.
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