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Tennoji Senior Highschool

(Comm. by Kinjir5 KuNtr(I, M. $. A., Oct. 12, 1971)

1 Introduction. In this paper A means a bounded linear oper-
ator on a complex Hilbert space ) and the numerical range W(A) means
the set of complex numbers

W(A)-- ((Axlx) x e ), xll-- 1}.
It is well known that W(A) is convex and the closure W(A) of W(A)
contains the spectrum a(A) of A.

Recently, R. Bouldin [2] [3] has shown an elegant result which
determines the numerical range of the product AB in terms of W(A)
and W(B) under a suitable condition (cf. Theorem 2 in the below).

The purpose of the present paper is to give an elementary proof of
Bouldin’s theorem.

The author expresses his cordial thanks to Prof. T. Furuta to
whom the author is largely indebted.

2. Bouldin’s theorem. We shall show at first the following
theorem by a simple calculation"

Theorem 1. If A is an operator and B is nonnegative then
W(B/2AB1/) W(A)W(B).

Proof. If B/x:/:O for a unit vector, then
(B/AB/x x) (AB/x B/x)

( B/x B/x )B/x A
B/x B/x

-(Bx x) (A B/x B/x .).B/x g/x
If B1/2x=O, then

(BI/zAB/zx x) 0-- (Bx x).
Therefore the theorem is proved.

Remark. Since
a(AB) a(B/AB/) +_ {0},

Theorem 1 implies at once
a(AB) W(A)W(B)

under the same conditions of Theorem 1.
The above considerations imply at once the ollowing theorem

which is originally obtained by a help of perturbation theory"
Theorem 2 (Bouldin). If A is an operator and B is nonnegative

then
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co a(AB) W(A)W(B),
where co X means the convex hull of X.

3, Applications, The materials o this section are based on an
idea due to Prof. T. Furuta.

S. K. Berberian [1] introduced the ollowing notion: A unitary
operator is cramped if its spectrum is contained in an open semi-circle
o the unit circle. A closed sector S is cramped i

S={re rO, 0<0<0, O--O<n’}.
S(X) denotes the least (closed) sector containing X. The boundary o a
sector, which consists of two half lines, will be called the sector lines.

An importance o B.ouldin’s theorem lies in the act that one can
locate the spectrum a(T) of Tin the sector determined by W(U) using
the polar decomposition T= UH.

According to a definition of Halmos [5], an operator A is said to be
convexoid if

co a(A)= W(A).
Theorem 3. If A and AB are convexoids such that 0 e W(A’) and

B is an invertible nonnegative operator, then
( ) O e W(AB), and
(ii) W(AB) and W(A)W(B) have the same cramped sector.
Proof. By Bouldin’s theorem, the hypothesis implies

0 e co a(AB)-- W(AB) W(A)W(B),
which implies

S(W(AB)) S(W(A)W(B)).
The reverse inclusion ollows 2rom the relation

0 e W(A) =co a(A)--co a(ABB-) W(AB)W(B-)
since

W(B), W(B-)c (0,
By Theorems 1 and 3, we have the ollowing corollaries:
Corollary 4. If B is nonnegative and invertible, A is convexoid

such that 0 W(A) and AB=BA then (i) and (ii) of Theorem 2 hold.
Corollary . If A is convexoid and B is an invertible nonnegative

operator. Moreover, AB is convexoid, then the following conditions
are equivalent"

(i) Oe W(A), and
(ii) 0 e W(AB).
Let T=UH be the polar decomposition o T. If T is invertible,

then H is strictly positive and U is unitary so that we have the follow-
ing corollaries by Theorems 2 and 3"

Corollar 6 ([4]). If T= UH is an invertible convexoid such that
U is cramped, then

(i) 0e W(T), and
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(ii) W(T) and W(U) have the same cramped sector.
Corollary 7 (Berberian in [6]). Let T be an invertible operator

such that U= T(T*T)-/ is cramped, then 0 co 6(T).
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