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210. Topological Completions and Realcompactifications

By Takesi ISIWATA
(Comm. by Kinjiré KUNUGI, M. J. A., Sept. 13, 1971)

Throughout this paper by a space we shall mean a completely
regular T,-space. The completion of a given space X with respect to
its finest uniformity is called the topological completion of X, according
to Morita [5], denoted by ¢X. The following question has been raised
by Comfort [1]: Is there a locally compact space with a realcompacti-
fication which is not even a k-space? An ingenious example has been
suggested by the referee of the above paper, and it is described in [1].
The cardinality of the space in this example is },. Negrepontis [7]
constructed further a locally compact separable space of cardinality }R,,
assuming the continuum hypothesis, whose realcompactification is a
Lindel6f non k-space. In §1, concerning this question, we shall point
out the fact that if X is a normal space satisfying the condition (cc—c)
and if Y is a subspace of vX such that XZY, then Y is not a k-space
(Theorem 1.1 below) and moreover investigate the relation between puX
and Hewitt realcompactification vX of a given space X concerning local
compactness (Theorem 1.5 below). In §2, firstly we shall prove that
the relation u(XXY)=pXxX ¢Y holds whenever v(X X Y)=vXXvY
holds. When we consider, in general, those pairs of spaces X and Y
for which v(X x Y)=vX X vY holds, we are involved in their cardinal-
ities deeply, and Comfort [1] obtained interesting results about this
relation under certain conditions for cardinality of space. But we shall
show that analogous theorems to Comfort’s main results hold without
regard to the cardinality in connection with the topological completion
(Theorem 2.3 below). In §3, we consider the classes of spaces which
are defined in terms of the relation u(XxY)=pXx ¢Y similarly to
McAuthur [4].

§1. The local compactness and k-ness of #X and vX.

In this section the following theorems are useful for our discussion
of the relation between ¢X and vX.

(M.1.1) (Theorem 2, Morita [5]). XC puXCouX.

(C.1.1) (Theorem 4.6, Comfort [1]). In order that vX be locally
compact, it is necessary and sufficient that for each p € vX there exist
pseudocompact subsets A and B of X for which pe Cl,y A and there
exists f e C*(X) such that f=0o0n A and f=1 on X—B.

(C.1.2) (Theorem 4 (Hager-Johnson), Comfort [1]). Let U be an
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open subset of X and suppose that Cl,; U is compact. Then Cly U is
pseudocompact.

X is said to be topologically complete if X has a complete uniform-
ity. If any closed countably compact subset of X is always compact,
then we shall call that X satisfies the condition (cc—c¢). For instance,
if X satisfies any one of the following conditions, then X has (cc—c):
1) X is subparacompact (Theorem 3.5, Burke [2]), 2) X is symmetric
(Corollary 2, Nedev [6]), 3) X is topologically complete.

Theorem 1.1. Let X be a normal space satisfying the condition
(cc—c). If Y is a subspace of vX such that XCY, then Y is not a
k-space.

Proof. We shall firstly show that if there is a compact subset K
of Y with L=KNX+#0 and KN(Y—X)+0, then L must be compact.
If L is pseudocompact, then since X is normal, L must be countably
compact and hence L is compact by the condition (cc—c¢). Suppose that
L is not pseudocompact. Then by the usual method there is a discrete
family {U,} of open sets of X such that z, € U, N L for each » and there
exists fe C(BX) such that 0 f<1, f(x)=1/n, f=1/n on U, and
f=1on X—UU,. K being compact, we have 0+KNZ(f)CvX—X.
This is impossible form the well known property of vX. From the
above arguments, the intersection of a compact subset of Y with X is
compact. Thusif Y is a k-space, then X is closed subspace of Y. This
is impossible because X is dense in Y, and hence Y is not a k-space.

Corollary 1.2. If X is normal topologically complete space, then
any subspace Y of vX, XCY, is not a k-space.

Since it is known that X ZvX for a discrete space whose cardinal
| X| is measurable, we have the following from Corollary 1.2.

Corollary 1.3. If X is a discrete space with | X| which is meas-
urable, then vX is not a k-space.

If X is an M’-space, then #X is paracompact M-space (Theorem 2.5,
Isiwata [3]). We have

Corollary 1.4. If X is an M'-space and pX+vX, then vX s not
a k-space. (take X=X in Theorem 1.1)

Theorem 1.5. 1) If pX islocally compact and pX+vX, then vX
18 not locally compact.

2) If vX is locally compact, then so is pX (and hence vX= pX by
1).

Proof. 1) Suppose that vX is locally compact. Let U be a com-
pact neighborhood of p, p e vX—pX with UCvX. Then UNpX is
pseudocompact by (C.1.2). Since ¢X is topologically complete, UN pX

must be compact. This implies that p € Cl,x(UN X)C p#X which is im-
possible.
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2) Let p be a point in uX—X. Since vX is locally compact,
choose two sets A and B and f e C*(X) in (C.1.1). Let F' be a conti-
nuous extension of f over SX. We may assume that A=F-(0)NX.
Since pX is topologically complete and A is pseudocompact, Cl, x A is
compact. If pe Cl,x A, then there is g € C(fX) with >0 on #X and
9(p)=0. Since p e vX, this is impossible. Thus peCl,x A. B being
pseudocompact, F-'[0,1/3]N X is pseudocompact and hence F-'[0,1/3]
N p#X becomes to be a compact neighborhood (in p#X) of p. Thus pX
is locally compact.

§2. The relation (XX Y)=uXX pY.

Theorems used here are

(M.2.1) (Theorem 2.4, Morita [5]). pX is characterized as a
space Y with the properties:

a) Y is topologically complete space containing X as a dense sub-
space.

b) Any continuous map f from X into an arbitrary metric space
T can be extended to a continuous map from Y into T'.

(M.2.2) (Theorem 5.1, Morita [5]). Let Y be a locally compact
topologically complete space. Then the relation (X XY)=pXx pY
holds for any space X.

Theorem 2.1. If v(XXY)=0XX0Y holds, then we have (X XY)
=pXx pY.

Proof. To prove this it is sufficient by (M.2.1) to show that any
continuous map f from X X Y to any metric space T has a continuous
extension over pX x ¢Y. We shall firstly prove that f has a continu-
ous extension over X X #Y. The function f,=f|{z} X Y—T has a con-
tinuous extension f, over {«}x #Y. Let q be any point in £Y —Y and
define the function &, ,(x, ) : XX Y U (2, )(=8)—T by

Ry (2, y) =1 (2, ¥) for each (z,¥)e X XY,

hx,q(x, Q)=fx(x, (1)~
We define according to Comfort (p. 109, [1]) the following map F' from
XxpuYtoT:

F=y{hsq;veX, qge pnY =Y},

that is, F'(x, ¢)=h, (x, @) and F|XxY=f. Thenif h,, is continuous,
then it is easy to see that F' is continuous (notice that X X Y is dense in
X x pY). Now suppose that &, , is not continuous at (z, ¢). There is
an open neighborhood W of the point r=r, ,(x, q) such that any open
neighborhood U of (x, q) contains points which are not carried into W
by s, This implies that (z, ) € Clg h;,(T—W). On the other hand,
there exists a subset Y, of Y such that ¢e Cly Y, and h, ({2} X Y)CW,
where W, is an open set of T such that re W,cCl, W,CW. Since T
is a metric space, there is a continuous real-valued function k satisfy-
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ing the conditions such that k=0 on Cl, W, and k=1on T—W. Itis
obvious that kf e C(XxY). Since pXXpYCoXXvY=0(XXY) by
the assumption, kf has a continuous extension over S(CX xvY). This
leads that kf=0 on {x}x Y, and kf=1 on h;'(T—W) which is impos-
sible. Thus h,,, is continuous. Similarly the function F' has a con-
tinuous extension over #Xx #Y. By (M.2.2) we have pu(XXY)=puX
X pY.

The following lemma is obvious.

Lemma 2.2. Let f be a map from a k-space X to a metric space
T. If f is continuous on every compact subset of X, then f is conti-
nuous on X.

The followings are analogous theorems with respect to Hewitt
realcompactification obtained by Comfort (Theorems 2.4, - .-, [1]). But
in our theorem there is no need to consider ‘“nonmeasurability” or
“measurability” of the cardinal number of spaces.

Theorem 2.3. Let pX be locally compact and Y be a k-space.
Then we hove (X xXY)=pXx pY.

Proof. Let T be a metric space and let f be a continuous map of
XxY to T. We shall show that f has a continuous extension over
pXxpY. f,=f|Xx{y} being continuous, f, has a continuous exten-
sion f,: pXx{y}—T by (M.2.1). Put F=U{f,;yeY}. ThenF isthe
map of pX XY toT. Since the product of a locally compact space with
a k-space is a k-space, uX X Y is a k-space. Thus in order to show that
the continuity of F', we need only show that the restriction of F' to each
compact subset K of X x Y is continuous by Lemma 2.2. Let  be the
projection of uXxY onto Y and let us put Fr=F|uXxzK. By the
same method in the proof of (M.2.2), F'x is continuous because K is
compact and Fx | X x 7K=f|XxxK. Thisimpliesthat F' is a continu-
ous extension of f over uXxY. By (M.2.2) we have pu(uXxY)
=pXX 1Y and hence F has a continuous extension over pXx pY.
Thus the relation (XX Y)=pX x p#Y follows from (M.2.2).

The pseudocompactness of X implies the compactness of uX
(Theorem 3.1, Morita [5]), and hence we have

Corollary 2.4. Let X be pseudocompact and Y be a k-space.
Then the relation u(X X Y)=puXx pY holds.

Since an essential part of the proof of Theorem 2.3 is that uX xY
and pX x 1Y are k-spaces, we have the following

Corollary 2.5. If pXXY and puXX pY are k-spaces, then we
hove p(X X Y)=puX X nY.

Corollary 2.6. If X is an M’-space, then we have (X X Y)= uX
X pY for any paracompact M-space Y.

This follows from the facts that for an M’-space X, pX is a
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paracompact M-space and the product of paracompact M-spaces is a
paracompact M-space (notice that a paracompact M-space is a k-space).

Since X is an M’-space if and only if ¢X is a paracompact M-space
(Theorem 4.4, Morita [5]) we have

Corollary 2.7. If X is an M’-space, then X X Y is an M’-space for
any paracompact M-space Y.

§3. The classes R(p), H(w) and P(y).

In this section we shall show the results obtained by McAuthur
(88 8,5, in [4]) can be extended to the case of topological completion
instead of Hewitt realcompactification, by changing definition of the
property 2 and using the results of Morita. The arguments used in
[4] passes current everywhere in our discussion in this section.

Let @ be the finest uniformity of X. Let I (X) be the set consist-
ing of all pair (T, f) where T is any metric space and f is any contin-
uous map of X toT. A filter base &F on X is said to have property
2(X, p if every (T, f) in JA(X) and every ¢>0, there is a set F'in F
with the diameter of f(F) is less than e. It is easy to see that a filter
base & has the property 2(X, p) if and only if it is a Cauchy filter base
with respect to @. A pair of space (X, Y) is said to have the rectangle
condition if whenever < (resp. &) is a filter base on X (resp. Y) with
the property 2(X, ) (resp. 2(Y, ) then the filter base Fx G={F X G;
F ¢ %, G e G} has the property 2(X XY, p).

3.1, pXxY)=pXx pY if and only if the pair (X,Y) satisfies
the rectangle condition.

The proof of this is the same as in the proof of proposition 3.3
in [4] except using (M.2.1).

Let R(x) be the class of all spaces X such that for every space Y
the relation (XX Y)=pX X ¢#Y holds. By (M.2.2) R(p) contains the
class of locally compact topologically complete spaces. We have more-
over the following proposition whose proof is also the same as in the
proof of Theorem 5.2 in [4].

3.2. If X is a member of R(y), then X is topologically complete.

Let M(p) be the class of all spaces X such that the relation
pXXY)=pXx pY holds for every topologically complete space Y.
Remarking the fact that for discrete space Y and a point p in fY Y,
Y U {p} with the relative topology is always paracompact, we have the
following theorem similarly to Theorem 5.5 in [4].

3.3. Theorem. X is a member of HMU(p)if and only if X is topolo-
gically complete.

Let P(p) be the class of all spaces X such that the relation
XX pX)=pX x X holds. By Corollary 2.6 and Theorem 3.2, P(1)
contains the class of topologically complete spaces and the class of
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M’-spaces.
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