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III. Simple mother-descendants combinations

1. Mother-child-yth descendant combination
We designate, in general, by

an(aﬁ; e1771’ 52772) = A&Blcﬂ-v(als; 81771’ s2772)
the probability of a combination consisting of an individual A, and
its pth and »th collateral descendants A. oy and Agz,,g, respectively,
originated from the same spouse of A,;.
Three systems will be distinguished according to p=yv =1,
p=1l<vor p>1=y, and u, v > 1. The lowest system has already
been treated as the probability of mother-children combination®’

'IT(QB; sl"]l’ E27]2) = ZaB/C(aB; s1")1: é-:2"72) (/" = /Cll)-
In the present section we consider the second system while the
last system will be postponed into the next section.
Now, based on an evident quasi-symmetry relation
va(ale; U Eme) = mv(aB; 82’72: 51%)»
it suffices to deal with the former of the second system. The
reduced probability «,, is then defined by a recurrence equation
w1(@B; &, Emg) = 2 w(apB; €91, ab)x,—.(ab; 527.72)-
It is shown that the probability is expressed by the formula

lcw(aﬁi &my, 52’72) = K(“B; s1771)'2152%*'Z—VW‘@!}@? 51771: 52’72)-

The quantity W(eB; &, &m:) in the residual term evidently
vanishes out unless 4., , bossesses at least a gene in common with
A, and its values are given as follows; cf. also a remark stated
at the end of I, §1:

Wisi; ii, )= 8¢%(1—1), Wiii; ii, ig)= 8ig(1—24),
Wtin; e, 99)= —3ig?, Wii; i, fg)= —6if9,

Wis; ik, it)= ik(2—8%), W(ii; ik, ik)= k(i + 2k — 6ik),
W(as; ik, kk)= k(1 —3k), Wis; ik, ig)= 2kg(1—35),
W(ii; ik, kg)= kg(1—6k), W(it; ik, 99) = — 8kg®,

1) Cf. a previous paper: IV. Mother-child combinations. 27 (1951), 587-620.
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Wi; ik, f9)= —6kfg;
W(ig; iz, i¢)= $i%(2— 81),
Wig; @, 37)= %ig(1—389),
W(ig; v, 59) = $19(1—67),
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W(ig; v, i) = %i(¢ + 25 — 619),
W(ig; i, 19) = 19(1—87),
W (ig; w, gg)= — Jig?,

W(ig; o, f9)= —38ifg,
W(ig; i, 16)= 34(20+7—3i(¢ +7)),
W(ig; i, )= 3+ J° + 445 — 615(¢ + 7)),
W(ig; i, i9)= 392t +5—6i(i+7)), W(i; 4, 99)= —30°(+7),
W(ig; i, fo)= —38f9(i+7),
W(ig; ik, it)= %ik(1—87),
W(ig; 5k, 37)= $5k(1—8j),
WXig; ik, jk)= $k(j +k—6k),
W(ig; ik, vg) = $kg(1—64),
Wig; ik, kg)= %kg(1—6k),
W(ij; ik, f9) = —8kfyg.
The proof of the formula is performed by induction by direct-
ly verifying an identity
> WiaB; Eimy, ab)e(ab; Exs) = 31 x(B; E1m1y ab)Q(ab; &;ns)
= $W(aB; &y Emp).
It is noted that the quantity W satisfies further identities
> WiaB; &n, ab) =0, > W(aB; ab, &n) = 2Q(aB; &p),
> AnW(ab; Eim1, Eap) = 2Aslq1Q($1"71? Eam)-

W(ig; ik, ig)= 3k(i+j—6i7),
W(ig; ik, ik)= k(i +k—6ik),
W(ig; ik, kk)=3k*1— 8k),
Wig; ik, 39)= $kg(1—67),
W(ig; 3k, 99)= — 3ke?,

2. Mother-uth descendant-yth descendant combination

The formula for the last gemeric system with u, v >1 is ex-
pressed in the form

"’uv(aﬁ? Emyy Eama) = Zglnlngznz'f‘2—“+12527,2Q(a,8; §1m1)
+2-v+1:4—-§1le(a/8; 52'772‘)+2—’\T<a18; 61771: 52772))
= u+v—1,

where the values of 7' are as follows; cf. a remark stated at the
end of I, §1:
T(ut; 2, v0)= *(1—12)(2—1), T(iz; e, ig)= 19(1—20)(2—1),
T'G; 13, gg) = —1ig%(2—1), T(w; i, f9)= —2ifg(2—1),
T(we; ik, ik) =K@k +*—Tik+4%k), T(; tk, kk)= k*(i—2k +2ik),
T(ti; ik, 19) = kg(2—Ti + 447, T(i5; ik, k)= ko(i— Ak + 4ik),
T(ei; ik, 99) = —2kg*(1—1), T(wi; ik, f9)= —4kfo(1—1),
T(it; kk, kk)= k(1 +Fk), T(ie; kk, kg)= k*g(1+2k),
T(w; kk, 99)= kg7, T(wi; kk, f9)= 2k f9,
T(iv; hk, hk)=hk(h + k+ ARK), T(ie; hk, kg)= hkg(1+ 4k),
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T(it; bk, f9)= Ahkfg;
T(ig; @2, 10)= $0*(1 — 20+ 27°), T(ig; v, 1) = $9(1—20)(2+ 5 — 2¢7),
T(eg; ©i, 57)=219(1 — 20— 25 + 245), T(ig; @i, 19)= %eg(1—20)%,
T(ig; i, 39)=319(1— 20— 47 + 447), T(ig; 5, 99)= —1ig*(1—1),
T(ig; ©, f9)= —2ifg(1—1),
T(ig; 9, ©9)= 3(+J5—4e5)(0+J—247),
T(ig; i, 19)= 39(1—40)(5+7 —2)),
T(ig; <3, 99)= —9°(+J5—219), T(ig; i, f9)= —2f9(i+j—25),
T(ig; ik, ik)= $k(k -+ 20*— 6ik + 8¢*k),
T(ig; ik, 5k) = $k(k+ 245 — Aik— 45k + 8ijk),
T(ig; ik, kk)= k(i —k + k), T(ig; ik, 19)= 2kg(1—49)(1—23),
T(ig; ik, 39) = kg(1—4i— 47+ 84j),
T(ig; ok, kg)= kg(t— 2k + 4ik),
T(ig; ik, 99)= —kg*(1—21), T(ig; ik, f9)= —2kfg(1—23).
The proof of the formula can be performed by induction by
means of a recurrence equation

/‘w(ale; Eim1y Eme) = X0 Ko, v(aB; ab, Emp)r(ab; 51771),
together with the identities
) W(aB; ab, Ema)e(ab; &imy) = >3 W(aB; ab, Ems)Q(ab; i)
= $T(aB; &1y Eoma),s
> T(aB; ab, Emp)r(ab; &1my) = >3 T(aB; ab, Emp)Q(ab; Eiy)
= 3T(aB; &1, Eama).

It is noted that the quantity T satisfies, besides an evident
symmetry relation T(aB; &7, Ems) = T(aB; Expsy E1m1), also an identity

S TaB; ab, &) = 0, 33 A,T(ab; Sy, Eap) = 245, Q€15 Eapo).

An asymptotic behavior of «,, as v(or p) tends to infinity can
be readily deduced. In fact, we get a limit equation

111‘2 Kuv(aB; 51771’ ‘52772) = Ku(ale; E1’771)°-A-‘,2"127

which remains valid for any p with > 1.



