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137. Probabilities on Inheritance in Consanguineous
Families. XI

By Ytsaku KOMATU and Han NISHIMIYA
Department of Mathematics, Tokyo Institute of Technology
(Comm. by T. FURUHATA, M.J.A., July 12, 1954)

VIII. Combinations through the most extreme
consanguineous marriages

5. Distributions after successive consanguineous marriages

We have derived in §3 the probability of parent-descendant
combination. Elimination of a type of parent leads to a correspond-
ing distribution of genotypes in a generation of descendant. Namely,
we have, for any n=>1, a relation

En;o;,_lln(gﬂ)zz Zabfz—un(ab; &n).
In case n=1, we get, by actual computation,
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The result shows that the distribution deviates from ordinary
one. More precisely, there hold the relations
5+8V'5
1R )
with R(#4)=3i(1—17) and R(¢j)=—1j. Namely, any homozygous type
increases while any heterozygous one decreases. For instance, the
values of the factor 1—R(1+3V 5/5)»’ are equal to 11/20, 23/40,
27/40, 117/160 ete. for t=2, 8, 4, 5 ete., respectively.
Though there exists a deviation in the first generation, it
vanishes out soon in the next generation. In fact, as shown in § 3,
we have an identity f,_,,=«, for any n>1, whence readily follows

17{(11;0),_1vn(€"7):z§v:°
By the way, it would be noted that the frequency of gene A4,
in the first generation is given by

Z(n;m;_lu(ii) +% ; Zn;m;_lu(ib):i-

Consequently, the random matings within the generation produce

Aoy yiEn)— A, =2R(&n)( 1~ R

also the distribution coincident with the original one, i.e. A,=1,
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6. Descendants combinations
By eliminating a type of parent from a parent-descendants

combination, we get a corresponding descendants combination. Its
probability is namely defined, for u,v=>=1, by an equation

gt—um(sﬂln 527]2)50‘(11;0:;_,luv(§1771, Ezﬁ2>:22mfz~1luv(ab? 51771: 52772)-
In case u=v=1, we get, by actual computation, the following
results:
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8y —1111(48, hl) = zhk{-s— ”27"‘2‘ _1_&_'_145( 18) i 2}
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et =k 5= =15yt

.. vy 1
85—1111(%, hl) = 4zghk7p- .

-1, ¥)= 'LJ{R

In case p=1<y, we get the following formula:
5:—1111»(51771» 52772)
:A<11;o>,_111(51771)AE3n2+ 27 {gz—um(sﬂh’ 52772)"‘A<11;0),_ll1(517)1)A22n2} .

Hence, it is sufficient to determine the values of §,_;,,. They will
be set out in the following lines:

i e g2 g2 ; 156+7/'5 11
8—1]12(3%, %®)=1~+®-(1—7,){ RT o = 7 o 2‘f

811188, k) = zlc+zk{ Rlé'—""l'?“/5 t+1 1 (R10+_ 4“/505-2).”: 2}
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8r1112(8%, ki) =12 R2T 22 ot 5 26.,4 5}

85111508, hk):ihk{ §i§/_§ s-L+iZl,

2ty

Stt122(f ij):ij{(@+j)(n.5i§@(,,5, . 1) s 4,

S—111(1, 10)= z~y{R5+3\/5 r_ 1 2}

2 2

Be—1)1A, th)= zﬂc{R 5;",:3'}( 5 wz_ ‘216}

8;—1112(%], Kk) =1gk2 E"

Bt—lllzz(ij,kk):y,:jhkéi .
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In case p, v>1 with Az=pu +v—1, we get the following formula:
”t—-l[p.v(sl"h) 52772) Asl"]lAEz"Jg—,—2—A+3{§t—1122($17]1) Ezﬂz)“zslnlAizng} .
Hence, it suffices to determine the values of 8&,_,.,, which are set

out as follows:

8p—1j(®, W)y=B—P1-9)R 5 ""25‘/5 o,
boctisli, W)=k~ (1~ 2R OTEVE

801122004, k) =17k2R 5+25f§ o,

80 11220, ) = 202hkR 57*:%515 o,

cucsialil, =10+~ i+~ 4HROTEY B o,

81121, 1K) = ik — k(1 — 4@)R,5+,,25:/. 5
o110l W) = 4ijhkR§.+%Y.5 o

7. Limit behaviors of the probabilities

Most of the expressions derived in the present chapter involve
a consanguineous generation-number ¢ as a parameter and are of a
form linear in 1, 27% 47°, (—4)7, (—8)", " and &’. Since

o= 1+:1/ 5 _0.809--- and &= -1—-~l/*5~»=—0 309- -

any term factored by ' majorates ultimately those factored by
others except 1, while a term factored by &' itself tends to zero as
t—>oo.

A brief account will be given with respect to asymptotic be-
haviors of expressions involving «°. We introduce sequences of
rational numbers, {¢,} and {d;}, defined by

o=c+dV'5 (t=0,1,2,...).
As readily seen, they are given by
C,=—;—(a)t+6')t), d, _QV?(G’ — ")

and satisfy the recurrence relations
o= e85, d=plentdiy).

If we separate the quantities ¢’s and d’s from the last system, we
obtain difference equations of the second order satisfied by them,
i. e.

Cz:‘é- ct—l‘*‘i’ Cr—2» d,= %‘dt—l-}' 1‘dt—2‘

Though the last two equations are of the same form, the initial

conditions are different. We may put here
_1:‘—1, 00:1; d...1:1, d():O;
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the last equations are then valid for ¢=>1.
For sufficiently large ¢, we have asymptotically
C,;"V—%—a)t, d,;"v—:w .
Consequently, for any rational numbers p and q, we get, for suffi-
ciently large t, an asymptotic relation

R(p+q1/"5>w*=pc,+5qd¢~§ ®+qV 5 o'

Now, the asymptotic behaviors, as ¢—c, of several probabil-
ities derived in the present chapter can be readily concluded from
their own expressions. For instance, we get for a limit probability
defined by

(@B, v8; Emy, 52?72)—:—1323 e(aB, v8; €11y Eams)
the following values:
(¥, 1 ut, 1) =1, e(10, Uk; T, 10) =%,
e(1t, tk; kk, kk)=1%, e. (@, kk; v, it)=1%,
e(tk, th; i1, it)=3.
The values for combinations other than those essentially exhausted
here are equal to zero.
The remaining limit probabilities such as

Coorn(@B: 185 &), Toou(@B; &), foor(aB; €1, Eams)

Z(ll;o,ooln(sﬂ)’ ?’wkw(slﬂv e2772) ete.
can also be treated simply. For instance, we get
A:n;o:wu(i'i):i, A:u;o)eou('ij):()o

Thus, repetition of the most extreme consanguineous marriages causes
the disappearance of any heterozygous type. Moreover, the frequency
of any homozygous type in the limit distribution coincides just with
that of its constituting gene.

Corrections to Ytisaku Komatu and Han Nishimiya:
“‘Probabilities on Inheritance in Consanguineous Families. VII”

(Proc. Japan Acad., 30, No. 8 (1954))

Corrections should be made to the values of
D(aB; Emuy 52’72):25'(053; ab)x(ab; Em Eame)
listed in the above paper (pp. 214-242).
In fact, the values given in the paper were those for the
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quantity 1S(aB; &1y Eme)— D(aB; Emy, Eme). The corrected values for
D(aB; Emy, ) are listed in the following lines:*
V(i 6, ) = fgiL—)(A+DA—20), V(s b, ig) = — Lig(L—2),
Y(w; 1, 99) = — 519*(1—20), Y(ve; v, f9) = — §ifo(1—20),
D(ia; ik, k) = {sk(1—48+k+ 12— 3ik + 8%k),
D(@i; ik, kk)= — Fsk*(1— i+ k—43k),
V(we; ik, 19) =skg(1—8i+8:), Y(u; ik, kg)= — {skg(1—1i+ 2k —8ik),

D(ia; ik, 99) = — Fskg*(1—41), D(ie; ok, f9) = — §kfo(1—49),
D(is; ke, k)= — k31 + )(1—2K), D(it; kke,kg) = {5k?g(1+ 4k),
Y(w; kk, 99) = 3k*g%, D(ie; kk, f9) = 1k *fo,

9)(34; bk, hk)= — Ashk(2—h—F—8hk), D(ii; hk, kg)={shkg(1+ 8),
Y(we; bk, f9) = 1hES9;
D(ig; W, 1) =g50(1+0)(1—20)%, Y(ig; 6, 1) = — g5P(1+1+75—81),
Y(ig; W, 37) = — (0 +5—449), D(ig; it, 19) = — 559°9(1—81),
D(ig; i1, J9) = — 55190+ 25 —8w)), D(ig; i1, 99)= — 21971 — 47),
(i i, f9) = — F5tfg(l—40),
D(ig; 35, 1) =g5(i+ 7+ a2+ 52— 8ij — 2% — 2i5% + 164%2),
D(ig; 1, 19) = — 559(e—J + 20* — 205 — 162%),

(i5; 15, 99) = — 5%9°(0+7—8), (s 1, f9)= — 1S90+ 35— 8u),
D(ig; ik, ik) = 3, k(1 — 61 +F+ 22— 2ik + 16%K),

D(ig; ik, k)= — 54(i + 5 — 2ij + 20k + 25k — 16i5k),
V(ig; ik, kk) = — k21— 20+ k—8ik), D(i; ik, ig) = kg(1—2i+ 16:2),
VD(ig; ik, 59) = — {skg(i+5—8), D(ig; ik, kg)= —55(1—20+2k—16ik),
D(e7; ik, 99) = — 1 kg*(1—80), Y(ig; ik, f9)= — {skfo(1—80).



