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1. A. Zygmund [1] has proved the following theorems.
Theorem 1. Let a(x) be a positive, decreasing and convex func-
tion in the interval (0, ) such that

(1) a®)y 0, zalx)? as v i oo,
Let a,=a(n) and

(2) f@)= S a, sin nz,

then we have "

(3) S@) ~zta(z™) as ©—>0.

Theorem 2. Let a(x) be a positive, decreasing and convex function
wn the interval (0, ), tending to zero as x—>c. Let a,=a(n) and
suppose that

(4) nday, \ , Zan=w-
If we put
(5) f@)=>}a, cos na,
then we have "
1/2
(6) fay~ [Ctiawidt  as wyo0.

0
Omitting the second condition of a(x) in (1), we prove the
following
Theorem 3. Let a(x) be a positive, decreasing and convex func-
tion in the interval (0, o), tending to zero as € — . Let a,=a(n)

and define f(x) by (2), then
(7) Fay~a [ “tat)ydt  as 30,

0

when f(x) is not bounded or the right side is ultimately positive.

If the second condition of (1) is satisfied, then we can easily see
that (7) becomes (3).

In Theorem 2 we can replace the first condition of (4) by 4%a,=<0,
that is,

Theorem 4. Let a(x) be a positive, decreasing and convex function
in the interval (0, ), tending to zero as x—> o and let —a'(t) be
convex. Let a,=a(n) and suppose that Sla,=c. Then

f(x)~fmt|a'(t)ldt as z 0.
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Our proof of these theorems is very simple, except that the
following lemma is used [2] (ef. [8]):
Lemma. If a,|0, then

Fl@)= f - a(t) sin ot dt +9(zx),

f@)= f " a(t) cos zt dt+9(),

where g(x) and g(x) are bounded.

2. We shall prove Theorem 8. By Lemma, it is sufficient to
prove that

fi@= ["awsinat at
satisfies the relation (8). We have
fi(@)= f " ba(t) sin at e,

where

bty =a(t)+ 3] (~1)k+1[a("7”~t)-—a(ﬁ"l+t)]

x
— D\ o B k+Dmr L\
= E,( 1 [a(—x—+t>+a(—-——~w t>J

By the monotonity of a(t), we get

Balt) < a(t)+ a(f_— t)
x
and by the convexity of a(f), we get

b.(t) = af?).
Hence
(8) Ffi@)= %x f )it = Aw f bty
and 0/ u ’
Fm =z [ ta@di+e [ (T~ )at)dt
[ a2
(9) < Az f " ()it < Aw f ” ta(t)ds.

Thus we get (7).

We shall now prove the following

Theorem 5. Let a(x) be a positive decreasing sequence such that
there is a positive constant ¢ <1 such that
(10) a(t) > ca(3t) (t>0).
Let a,=a(n) and define f(x) by (2), then (7) holds when fx) is un-
bounded or the right of (?7) is ultimately positive.

In the proof of Theorem 8, we did not use the convexity of
(as) to prove (9). We shall prove (8) by the condition (10). By the
monotonity of a(t),
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2

fi@) = j W/zla(t) sin at + f ma(t) sin wt dt

3w/ 2x

= f o |:a(t)—- a(%’r —t)] sin ot di

= Ax f Wmta(t)dt.

0
Thus we get (8), and hence the theorem is proved.
3. Let us now prove Theorem 4. Let

fi@) = f " a(t) cos zt dt

00 v /22
= % @) sinwt dt=—L [ by(e) sin ot dt,
X

0 0
where bj(t) denotes the term-wise differentiated series of b,(t) by t.
Hence, from the proof of Theorem 8, we get the required result.
Finally we shall prove the following

Theorem 6. Let a(x) be a positive, decreasing and convex function
in the interval (0, ), tending to zero as x—> . Let a,=a(n) and
Ma,=c. Then

1/m
f(x)gAf tla/(E)|dt  as z—0.
For, we write ’

fi(@)= fm a(t) cos xt dt = f “mcw(t) cos at dt,
[ 0

akt)="33(- 1)k[a(%’i + t)—a((—"’l;l—)" —15)]‘.
By the convexity of a(t),
e(t) < a(t)—a(n/z—t),

where

and then .
fi@) < f cos o[ a(t) — al(rz—t)]de

’ T /22 T/e—t
=— f cos xt dt f o' (u)du
0 t

— f “ma'(u)du f“ cos xt dit— f “/za’(u)du f " cos wt dt
0

0 /2% 0

ll

/2 . 2%
=-= o' (w)sinzu du < —A f o (u)u du.
0

0
Thus we get the required inequality.
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