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1. Let f(x) be a continuous function with period 2r. After
J. P. Nash 13, f(x) is said to be of class (n) if

fb(n) f(x+ t) cos nt dt=O(1)

uniformly or all x, n, a, b with b-a 2r.
If (n) is not O(n), then f(x) becomes constant [1] and if

(1/n) ___<_ 1/.(n), then f(x) belongs to (n) class; so that we assume
that

(n)< n, (1/n) :> 1/b(n).
We have already proved the iollowing theorem
Theorem 1. If f(x) is of class (n) and is continuous with

modulus of continuity (), then there exists a positive constant C
independent of n such that

s,(x)-f(x)i-<- C I ()log" (Cn ()+O(n) O(n)l 1’
where O(n) is monotone increasing and 1 O(n) (n).

We prove here the following

Theorem 2. Let f(x) be a function not equivalent to a constant.
Let () be the modulus of continuity of f(x) and o() be the inte-
gral modulus of continuity of f(x). ) Then,

(1) log (Cn (1/n) )s,(x)-f(x)l C - (1/n)
On the other hand, concerning uniform (C,-a) summability of

Fourier series we have proved the following heorem

Theorem 3. If f(x) is of class b(n) and is continuous with the
modulus of continuity o(), then

I (1)-( n )" 1(t)16;(x)--f(x) C o
in) +- t

-dr

where 0<a<l, ;-(x) is tlie n-th Cesro mean of the Fourier series

of f(x) of order a.

From this theorem we get

1) C is always used to denote a constant independent of n, which is different in
different occurrences.

2) 1,(6) Max jo=lf(x+h)-f(x)ldx.
o<tt6
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Theorem 4. Let f(x) be a function not equivalent to a constant,
() be the modulus of continuity of f(x) and o() the integral
modulus of continuity of f(x). Then

g(x)-f(x) C n
(1/n) / n t

where
For the proof of these theorems we use the ollowing Cheorem

due to E. Hille and G. Klein 4:)

Theorem I. Unless f(t) is eivalent to a constant function,
m(h) K(h),

where m(h)= Max lf(x+t)ldt and K is a constant independent

ofh.
2. We prove Che following
Lemma. If f(x) is integrable, then f(x) belongs to the class

1/(1/n).
ProoL It is sucient o prove

f(x+ t)sin nt dt=O((1/n))

uniformly for all x, n, a, b with b-a 2. We have

(x + t) sin nt dt f(x+ t- /n) sint dt
a a+ln
:+""w<= + ,)sinn, dt + --j"[f(x + f)-f(x+ t-=in)] sinnt dt

2
b+/

J f(x+ t- /n) sin nt dtJ,
b

hence by Theorem I

t)sinnt dt C[ml(lin)+,(lin) C,(lin).

Thus he lemma is proved.
By the lemma nd the remark sate he beginninl of [1],

(lln)lo,,(lln) On except riial ease, an hn n,(lln)l,(lln)
ome reaer than 1 for suteiently large

In Theorem 1, if we ke @(n)=ll,(lln), hen
s,,()-l(x) C[(lln)lo (On e(n),(lln))+ l/0(n)].

Tkin e(n)=11(11n) we e he eoneluion of Theorem
Theorem 4 follow from Lemma and Theorem 3, akinf. ts artiular eases of Theorem 2 we e the followi

corollaries.
Corollary 1 (Dini-Lipschitz [5]). If f(x) is continuous and

3) For a simple proof, see
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then the Fourier series of f(x) converges uniformly.
Corollary 2. If f(x) is continuous and

o(1/n)-o(1/log log n), o(1/n) _< (1/n) (log n)/n
then the Fourier series of f(x) converges uniformly, where k is a
positive constant.

For example, if we put
f(t)= 1/(log log 1/t) (0 < t r),

f(0) 0,, f(t)=f(27r-t) (Tr<t< 27r),
then the conditions of Corollary 2 are satisfied.

Corollary 3 (de la Vallde Poussin [5]). If f(x) belongs to the
class Lip a (0 < a 1), then

s(x)-f(x) C log n/n.
4. We get the following corollaries to Theorem 4.
Corollar (Zygmund [6). If f(x) is continuous and o(1/n)

=o(1/n), then the Fourier series of f(x) is summable (C,-a) uni-
formly.

Corollary 5. If f(x) belongs to the class lip B and
Lip (1 + B-B/a, 1), i.e.

o(1/n)-- o(1/n’), o(1/n)-- C/n’
for 0<B<a<l, then the Fourier series of f(x) is summable (C,-a)
uniformly.

Corollar 6 (Hardy-Littlewood [7). If f(x) is continuous and
of bounded variation, then the Fourier series of f(x) is summable
(C, a) uniformly.

For, if f(x) is of bounded variation, it belongs o Lip (1, 1) i.e.
o,(1/n)=O(1/n). By he continuity of f(x), o(1/n)-o(1), and hence
we obtain Corollary 6 from Theorem 4.

Finally the author expresses her hearty thanks to S. Tsurumi,
especially in the proof of Theorem 2 ( 2), which was suggested by
him.
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