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59. Some Trigonometrical Series. XIII

By Shin-ichi IzumI
Mathematical Institute, Tokyo Metropolitan University, Tokyo
(Comm. by Z. SUETUNA, M.J.A., May 18, 1955)

1. Let f(z) be an integrable function with period 27 and s,(x)
be the n-th partial sum of Fourier series of f(x). The object of
this paper is to prove that, if f(«) belongs to the Lip a class, then

the series®
(1) 118,(@)— @) [In* (log n)"

converges uniformly, where 8=1—2a2 and v >1 or > 2 according

as 0<a<1/2 or 1/2<a< 1. By the method of this paper, we can
prove that if

e 1 T
| flo+H)—f@)| < 417 / (1og _t-)
for v > 1, then the series

S 8,@)—f(@)
converges uniformly.

Theorems of this sort are found in ‘‘Some Trigonometrical Series’’,
VI and IX, T6hoku Math. Journ., 1954.

2. Theorem 1. If

(2) lf@+t)—flo) | < AV,
then the series
(3) 211 8:(@) —f() /(log m)*

converges uniformly for vy > 2.
Proof. We have

(4)  S@= 380~ Fiog »r

& 1 (27 sin (12,
= (log u)T( [ P sin 2 )

_ 1 ("0 o) @) (& sin(+1/2)usin (5 +1/2)
i { [ sinu/2 sinv/2 (w (log v)" )du dv.

Now?
1/x n

2, COSvX
=1 (log v)*

COS v@
=1 v=izz (log v)"

1) We suppose 1/(logn)r=1 for n=1.

2) A denotes an absolute constant which is not necessarily the same in different
occurrences and 4c,=0,;— dy+y.
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) 1 1 1 1 1
=Dt 4
= §1 (log »)" + T [v-l/w (log v)" + (log 1/x)" + (log n)f:|

= A/w (log %)T

Hence the kernel of the integral on the right of (4) is less than, in
absolute value,
A " A
lu—viQog1/lu—v])"  (u+v)(log 1/(w+2))"
and then, by (2),

« pn 1 1
S"‘(x)éA[[ Vuw lu—v|(log 1/|u—vl) dudy

:A(ff+ff):ASn,l(w)+ASn,z(w),

%>y =
say. We have
dv
S, (@) = f f vV v (u— v)(log 1/(u— 'U))T

f (f .[ Vv (u— v)(logll(u 'v))T>

S/ R
= f ulog Lfuy—* ~

Since S, .(x) may be similarly estimated, S,(«) is uniformly bounded,
and then the series (3) converges. The uniformity of convergence
follows from Abel’s lemma.

3. Theorem 2. Let 0 <a<1/2, 8=1—2a, and y>1. If
(5) [fle+t)—fl2)| < At?,
then the sertes (1) comverges uniformly.

Proof. We have

Si(@)= ﬁ [ 5,() — (@) 12/ (log »)"

1 1 sin (v+1/2)u sin (v +1/2w
B / f SD”(u)%(v)( sin u/2 sin v/2 )du dv.

Since

2 CO8 T
i1 0P (log v)™ | T
we have, by (5),

T b 1 1
S r)< A d
@)= [f, w0 lu—v [P (log 1/|u—wv ) dudv

_ A( f f + f f >=ASn,1(w)+ASn,2(w),

u>v uv

Yz cos vx
v=1 18 (log )"

COS v < /xl“’ (10 l )“r
=1/m v (log »)" ‘\“ )’

say. Now

Soi(@) =f’°du f 2dv+fudv>§A[”aﬁo%:f‘ﬁW<oo

0 w/2
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and similarly S, .(x) is also bounded, and hence the series converges
and then converges uniformly.

4. Theorem 3. Let a>1/2, 8=2a—1, and v>2. If (5) holds,
then the series

(6) }18.@)—f(@) I'n’/(log )"
converges untformly.
Proof. We have

S.@)= 3}15,) @) lzuﬁ/aog V)t

_1r rpm(u)  @a(v) 1
— [ _U[ sinw2 sinv/2 <§1 (log 5 sin (v+1/2)u sin (v + /2)v>dudv
We denote by K,,(u, v) the kernel of the integral on the right. Then

K (u, v)= 5 ;}i—(l—o oG [eos (v +1/2)(u—v)—cos (v+1/2)(u+v)]

= —2—[Ln(u, v) - an(ua ’U)] .

By Abel’s lemma,
sin(v+1D)(w—v) _  n* sin(r+1)(u—v)
Lufw, v)= 2 A< (log v)" ) sin (u—v)/2 (logn)™  sin (u—v)/2
=L, (%, v)— Ly, 5(u, v),
say. Since
n—1 DB-I Sin ()J + l)t . 1/t n—1
=1 (logv)™  sint/2 s v

1/t B 1 1
=0 d =
<vz-=1 (log »)" + t* t*~'(log l/t)T>

=0(1 / e (log—i—)r),

we get | L, (u,v) | < A /t"“ (log%)r; and then
| f “/“ ¢’w(u) du f Pa(V) L 1(u, v) dvl

e du dv
<Af f o+(o—u) " (log Lf(v—u))"

/2 i dv = du
<A
Af f v (log 1/oyT = / wllog 1juy =%
2u 0

On the other hand,
[ ) gy f ‘Pw(”>L (0, v)dv

u
—flmduf dv+f duf dv=I+J,

1/n

IA

0

say, where
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B i dy [T dv
I "
= (log n)T.o[ u““‘i v (v—u)

4" /‘1/"’ du _ A
= (ogn)y' s w9 T (logn)

and, since
‘ f" Ps(v) sin n(u—1o) dvy
(u—v)
Tl pa(v) Po(V+ /1) w0 | pa(0) | gy A
éf i'v(v %) @+wm)(wt+win—u) +f v(v— u) wt n

gAf (/)" g +A Ty f‘a+‘4< 4, 4
- v nu n nu nuw

we get

An? 2 dy 1 1
J|I< L
B [ (A L)

An® 1 ., 1 pi-t) < A4
(log n)*< T )‘ (log n)"
Thus I+J=0(1). Since similar estimation holds for the integral

with kernel M,(u,v), it remains to prove the boundedness of the
integral

IA

) dv f Pu(%) K (u, v) du

sin v/2 , sinu/2
which is
T P®) g [ ) (S VP " .
" sinv/2" , Sin u/2< = (log »)* sin (v+1/2)u sin (» +1/2)'v> u
=27 ‘p"’(v) %(u)
“Z'E (logv)' v sinv/2 sin (v +1/2) d”f sin (v +1/2)u du.

We have, putting u=v+1/2,

’ M _ 1 pw)  pau—mp)
(8) i sin pu du= f ( Snuf2 " sin (w2 > sin pu du

o1 .  puu—m/p) 1 (v pyu—m/p)
-sin pu du— = 2 sin uu du.
f sin (u—mjpy2 " 2 f sin (u—m/w)2° "
Substltutlng this into the double integral of the right of (6), inverting
the order of integration and using the device similar to (8), we can

see that the double integral is of order O(log v/v**). Hence (7) is
bounded for v > 2. Thus the theorem is proved.




