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73. Cycles and Multiple Integrals on Abelian Varieties

By Hisasi MORIKAWA
Department of Mathematics, Nagoya University, Japan
(Comm. by Z. SUETUNA, M.J.A., June 13, 1955)

In the present note we shall show some relations between cycles
and multiple integrals which are similar to the known relations be-
tween divisors and simple integrals on abelian varieties.

Let A be an abelian variety of dimension » defined by a period

matrix
W11y o ooy W12
Q=|: S B

Dpiye ooy DOpgn
We denote by Z,,...,Z,, the cycles of dimension are on A induced

by vectors (wiy.. -5 @nt)s. . «s (@1amy- - -, Ongn) respectively. We denote
by Zi,. .., % < .-+ <4 the cycles of dimension r on A induced by
varallelotopes of dimension r
(‘f’nl cee fl’u,)
Dpiye o o Opg,,
respectively. Denoting by dz,,...,dz, the differentials of the first
kind associated with the period systems (wu,. .., @)y« -« (@n1s« -« » Ongn)
respectively, we mean by Q®? the period matrix of r-ple differentials
dz;,. . .dz,-pdik.l. . dz, whose type (p, ¢) satisfies p—¢q=7 mod. 4 with
the period cycles Z, ..., where j; <---<j,, k<. <k, & <+ <1,
We put
(dzy,. . .dz;, Az, . . Az )T =€}0, 80 0, A2y s - - - 02,075, - . A2,
Zi =0 Lty gy
We assume that the orders of suffixes of matrix elements in
Q@n o ®-1n-P gre chosen in such a way that
dz,...dz;,dz, . . .42z, Z; .., corresponds to
(dzy,. . .dz;,d%,. . .dZ.)", Z'..;, respectively.
We denote by o the homomorphism from A X A onto A such that

a(x, y)=x+y and denote by o* its dual mapping. We mean by I(X-Y)
the Kronecker index of X-Y.

Lemma 1. Let C be a cycle of dimension 2(n—7r). Then
I(Zzl.. apnt o(Cx Zjlu-j,.)) =I(C- O'(Zzi..,tr X Zjl. Jr))
Proof. Putting

C-—— al 2 Zl 2
z} v lgp— codop—9pd
< i —ar 1 02n—2r Sy 2m—2r

we get
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U(C X Zjl ) <o 2 U(all 13n—2r Zl1 Aan—gr X Zil J‘r)

<lgp—2r
hpre

2 Tieo B2 — - Ty o 2p —
2n—2r l 1 —2p Jy-e ./1' 2n—re
l1< P 1 1 1 1

Hence
<hap—p
I(Zil e G(CXZ/J -/r)) I( Z all e — ,,.el1 A3n—2p Jy - Jrzzl iZ,Ll o — )
}<<lgp—-op
_ Jag—p 1...%n
- 8. l‘m—?rell Ao -2y ./,eil Al hepp

3<o e <llop—2

= > a,., T T TN
o lop -2 codply o D229 Jy e dp
U< <lsp—2r ! t t !

On the other hand
I(C G(Zil irXZJL r )) I<l< <212n, 0?11 B~ grzlj o~ 27'62'; ’:‘nf: Jer1 mg,,.)
—_— my. . Moy 1...2n

= > . .,.9° ;€
100 -Don—2r 201 - g e 3y B2p —2p My gy
1< <Ll -9y "

= >V a;.. el
20— 2 'ij 1 1 82n—Sp J1. -+ Jp*
L<o Thagep L

This proves our Lemma.
Theorem 1. Let C be a cycle of type (n—r,n—7) on A. Then
there exist matrices A,(C), A,(C),..., AEz](C) such that

A(C) Qo
A(©) Qo-s
Apgy/ VN aG-r5], 205D
Q(n,n-r)
Q(n—ﬂ,n—r+2)
= (I(C-a(zh...irx zjl...jr»).

é(n—?[%]’ n—r+ﬂ|:%:|)
Moreover A, (C)=0 implies A,(C)=--- =A[§ ](C)=O. If C is not of
type (n—7r, n—7), then there exists no such a matrix A,(C).

Proof.
Q(n_gv,n_r-..zv)a(c o.(Zi1 4, ><Zj1 )))

( f dz,...dz,, 4z, . . .dz,,_ HWXI(ZH i o(CX T n,.)))

.11 Jr

Il

Q2. . A2, 3,0, - 0.,

o(CXZs )

JL Jr
:( f o (del ces dzln—?v dik] e di/m‘“_zy))
szll.l"'jr
=( f (dw,+dv,)- - - (du,, 4, +dv,, ;)
OXZgy g

(dﬁ’qv + dv/cl) te (dﬁkn—r+2v + dv"n—rwv))’

where {du,,...,du,}, {dv,,...,dv,} are the systems of the differen-
tials on the first and the second component of A x A corresponding
o {dz,...,dz,} on A.
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Since C is of type (n—7r, n—r),

f du,,. ..du,_,,,diy,. . .di, ., =0.
(6}

Putting
Dt i = f du,,...du,_ di,...dd,_,
we get ’
(dug, +dvy))- - - (duy, g, +Av,, o, YA, + V) -« - (AU, e, + AV i)
OXZy, .. 5,

:E + b°‘1~~‘“n—r.ﬂr“f’n—rfdv“n—rﬂ . ‘dvﬁn-—wdvﬂn—r-l-l ° 'dvﬁn‘rﬂv'

{oy.. . 02p gy} ={ly...2on -2y}
18y -Bag—avh =&y ..k _ay} Z3g eI

This shows that
Q (n—ﬂv,n—r+2v)(I(Ca(Ztl‘ s X ZJ'1~ ) 'fr))) — AV(C) Q r—2v,2y)
with a matrix A,(C) whose elements are b, . ,,_ or zero.
On the other hand
(duy+dvy)- - - (du,+ dv,)(dU, + dVy) - - - (AT, _,+dVs,_,)

PO TRRN -

:Z == ba Oy Koo Ty — dVa - .. -dVa .
=t 10 On—gs Koo By —pe n—r+1 n

Zjgip
Hence all by, ,_, %...1,—, aDpear in AO(CI). This shows that A,(C)=0
implies A,(C)=":-- ———A[%](C):O: If C is not of type (n—r, n—7), then

there exists a differential
dz,...dz,,_,,,dz,...dZ,,_,_, with a non-zero period on C.
On the other hand

(du1 + dVl) M (du” + dvn)(dﬁkl + del) e (dl—l/an,_r + d‘_rlcn—fr)
szjl"' I
= == f dull. . 'duln—r+8dﬁk1' . -d'l-j.-]c’,,’__r_\g
(o}
f AViyyrarre - AV AT,y dVy, ..
2y gy
The type of dv,,_,.,,,...dv, dVs, ..., -
This proves the last assertion.
Lemma 2. Let P be a principal matrix of @ and let P® be the
r-th compound matrix of P. Then there exists a matrix B such that
B Q (7‘,0)= Q (n,n—w)P:r).
Proof. Since P is a principal matrix of Q, there exists a non-
singular matrix B, such that

(2)e(2)=(08.)

(&) (Ew)-2)]=

dvy,_, is (r—s, s).

On the other hand
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Q 10) -1 Q(n,n—l) «1—— :B1 O
(Q(lﬁ))P ( Q(ﬂ,”—l)) _(O E1>'
Taking r-th compound of the both sides, we get
Q (T;O)P(r)—l — Bgr) Q (n,n—1r) .

From Theorem 1 and Lemma 2 we have

Theorem 2. Let A be an abelian variety of dimension n defined
by a period matrix . Let P be principal matrix of @ and let P™
be the r-th compound matrix of P. Then the module of homology
clagses of cycles of type (n—r, n—1) is isomorphic with the module
of all rational matrices M satisfying

1) Q®OM=AQ"® with a matrix A,

2) P”M=(by...j5..5) Iis integral,

8) bty sygy U<crr<iy Ji<---<F are skew symmetric on
Y P PR

Hence we get



