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108. On Topological Properties of W* algebras

By Shoichird SAKAI
Mathematical Institute, T6hoku University, Sendai, Japan
(Comm. by K. KUNUGI, M.J.A., Oct. 12, 1957)

1. In this paper, we shall show some topological properties of
W+-algebras and their applications. Main assertions are as follows:
(1) Any closed invariant subspace of the adjoint space of C*-algebras
is algebraically spammed by positive functionals belonging to itself
[Theorem 17]. (2) The direct product M, ® M, of W*-algebras M, and
M, 1is purely infinite, whenever either M, or M, is purely infinite
[Theorem 2]. This second assertion is the positive answer for a
problem of J. Dixmier [4], and we can assert that all questions
concerning the “type” of the direct product of W*-algebras are now
solved.

2. Let A be a C*-algebra, A the adjoint space of A. A subspace
V of A is said invariant, if fe V means fa, bfe V for a,be A, where
{x, fa)={xa, > and {x,bf>={bx, f>, where (z, f) is the value of f
at xz(cA4).

Theorem 1. Any closed invariant subspace of A s algebraically
spanmned by positvﬁ;e Sfunctionals belonging to itself.

Proof. Let A be the second adjoint space of A, then by Shermann’s
theorem (cf [10l) 4 is considered a W*-algebra and A is a C*-sub-
algebra of A when it is canonically 1mbedded into A as a Banach space.

_Let V° be the polar of V in A that is, V'={a| [<a, f)|=1,
aeA and all feV}, then it is a a(A A)-closed ideal of A, for
| <bac, V> |=|<a, bVey|=|<a, V)| <1 for acV® and b, cc4; hence bac
e VO Since A is o(4, A) dense in A and V° is a(A A)-closed, this
means bace V° for b, ceA so that V° is an ideal.

On the other hand, by a classical theorem of Banach spaces, the
adjoint space of V is considered the quotient space A/ V°. Since A/ Ve
is 2 C*-algebra, by the author’s theorem [8, 9] it is a W*-algebra and
a(A/ V° V) is the o-weak topology of A/ Vo, that is, composed of all
o-weakly continuous linear functionals on A/ V?° hence by Dixmier’s
theorem [3] V is algebraically spanned by positive functionals belonging
to itself. Moreover, since the positiveness of elements of V on Z/ Ve
means the positiveness on A4, this completes the proof.

Now, let v be a measure on a measure space and L'(v) and L>(v)
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be the spaces L' and L™ constructed on v, then we know that L'(v)
is (L', L)-sequentially complete. Applying Theorem 1, we will extend
this to the following

Proposition 1.2 Let M be a W*-algebra, M, the Banach space of
all s-weakly continuous linear functionals on M, then M, is o(M,, M)-
sequentially complete.

Proof. Let f be an element of the adjoint space M such that
lim (x, f,> =<, f> for a sequence (f,)C M, and all 2 € M. Then

particularly, lim (x, f,>=<z, f> for xeuC, where u is any unitary

element and C is any maximal abelian self-adjoint subalgebra of M.
Since uC is o-weakly closed in M, it is considered the adjoint space
of the restriction (M,),, of M, on uC; hence by the author’s theorem
[8] (M), is an L'-space as a Banach space. Therefore, since (M,).¢
is o((My),.c, wC)-sequentially complete by a eclassical theorem, the
restriction (f),, of f on uC belongs to (M,),,; hence f is o-weakly
continuous on «C and analogously it is continuous on Cu. Now, let
V be a subspace of all bounded linear functionals which are s-weakly

continuous on uC and Cu for all v and C, then it is closed in M.
Moreover, since every element of M is expressed as a finite linear
combination of unitary elements, V is invariant; hence by Theorem 1
it is algebraically spanned by positive functionals belonging to itself.
Suppose that a positive @ e V, then it is s-weakly continuous on every
maximal abelian self-adjoint subalgebra, so that it is completely addi-
tive; hence by Dixmier’s theorem [3] it is o-weakly continuous on
M, and so every element of V is also so. This completes the proof
of Propoisition 1.

The above proposition has been proved by H. Umegaki [11] for
a Wt*-algebra of finite type.

Remark. Theorem 1 has some other applications; for example,
it is of use in case which deals with “not necessarily adjoint preserving”’
homomorphisms of C*-algebras.

Next we shall show an example of topological property which is
negative in non-abelian case. Let I be a discrete locally compact space,
and consider on I the measure which, to each point of I, attaches the

mass +1. The corresponding LP-spaces are denoted by [? and the
Banach space of complex valued continuous functions which vanish at

1)2) Added in Proof. Combining Theorem 1 with a recent publication of A.
Grothendieck [12], it implies that a Jordan decomposition is possible in any invariant
closed subspace. Proposition 1 is more directly obtained from the result of Grothen-
dieck —in fact, his result implies as a corollary that a bounded linear functional on a
W*-algebra is o-weakly continuous if it is so on any maximal abelian self-adjoint
subalgebra.
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infinity by ¢,, Then ¢,=I' and ['=[*. Moreover, o(l!, [)-sequentially
convergence in ' is equivalent to norm-convergence in ' [1, p. 137].
Now this fact has the following analogy [2, 7]: Let H be a Hilbert
space, C the Banach space of all completely continuous linear operators
on H, T the Banach space with the trace-norm of all trace-class linear
operators on H and B the Banach space of all bounded linear operators,

then C=T and T=B. J. Dixmier [2] raised a question as follows:
Is o(T, B)-sequential convergence in T equivalent to morm-convergence
wm it?

We will show that the answer® for this is negative. Let H be a
separable Hilbert space, (Y;,) a complete orthonormal basis of H and
¢ be the projection of H onto one-dimensional subspace (2y,), then a
vector space Be is a closed subspace of T. We consider matrix re-
presentation of Be. Then,

@:;0000- - e 000---
@,,0000- - 10 000---
xe=|a;; 00001, Tr((ex*xe)*):Tr( 0 000---1)

....................

.........

(S)]@a»?000-- -
"o 000 . ,
=Tr( 0 000.-- )=(§|an|2) .

............

...........

............

Hence a closed subspace Be in T is isometric to a Hilbert space 2.
Let (x,e) be a complete orthonormal basis in the Hilbert space Be,
then Tr (yx.e)=Tr (eyx,e)—>0 (n— o) for any yeB, so that (z.) is
o(T, B)-convergent to 0. On the other hand, ||z,e||;=1, where ||.]||,
is the norm of 7. Moreover, put a,==z,e+ex; and b,=ix,e—iex),
then (a,) and (b,) are p(T, B)-convergent to 0. Suppose that ||a,||,—0
and [|b,]|;—0, then ||a,—1b,|[,=2]||z.e]|,—0, and this is a contradiction.
Therefore, in 7T and more strongly in the self-adjoint portion of
T, o(T, B)-sequential convergence is not equivalent to norm-convergence.

3. Finally we shall notice a topological property which has a
useful application. Let M be a semi-finite W*-algebra in the sense of
Dixmier [4], then by Dixmier’s result there is a faithful normal semi-
trace ¢ such that the algebraic span M of {a|p(a)< e, acM*} is a
o-weakly dense ideal in M, where M* is the positive portion of M.

Proposition 2. Let ¢ be a projection belonging to M, then the
adjoint operation is strongly continuous on bounded spheres of Me.

3) Added in Proof. J. Dixmier communicates to me that this example has been
also constructed by A. Grothendieck.
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Proof. Put ap(x)=g¢(ax) (@ M), then {ap|aecM} is a total set of
o-weakly continuous linear functionals, that is, ap(x)=0 for all ae
implies #=0. Suppose that (x.e) (||x.e||<1) converges strongly to 0,
then |ap ((w.8)(X.0)*) | = | plaw.eexy) | = | plexiax.e) |=| ep(exiax.e) | <
|ego(ex;“wae)ﬁlego(ex;‘a*axae)li’ —0; hence a bounded set {(x.e)(x.e)*}
converges o-weakly to 0, so that {(x.e)*} converges strongly to 0, which
completes the proof.

The restriction “Me” in the above proposition is essential—in fact
the adjoint operation is not strongly continuous on bounded spheres
of eM as follows: let (¥,) be a complete orthonormal basis of an infinite
dimensional Hilbert space H, (a,) be a family of bounded operators
such that a,=v; and a ;=0 (¢%j), then ||a,||=1 and (a,) is
strongly convergent to 0. On the other hand, since afy,=v,, (a}) is
not strongly convergent to 0.

Proposition 2. Let M be a purely infinite W*-algebra in the
sense of Dixmier and let e be a mon-zero projection of M, then the
adjoint operation is mot strongly continuous on bounded spheres of
eMe.

Proof. Since eMe is also purely infinite, it is enough to suppose
that e=1, where I is the unit of M. Then since M contains a s-weakly
closed subalgebra N which is a factor of type I, by the above consi-
deration the adjoint operation is not strongly continuous on bounded
spheres of M, which completes the proof.

Now we shall show an application of Propositions 2 and 2’ to the
study of direct products of general W*-algebras [4, 5]. J. Dixmier
raises a problem concerning the direct product of W*-algebras as
follows: Let M, and M, be W*-algebras, one of which is purely infinite.
Then, can we conclude that the direct product M,Q M, is also purely
wnfinite? We show that the answer for this problem is positive.

Let M, and M, be W#*-algebras on Hilbert spaces H; and H,
respectively. Then the direct product M, ® M, is defined as the weak
closure of the algebraic direct product on H,® H, For our purpose,
we shall refer to the results and the notations of Murray-von Neumann
[6, pp. 127-188]. Though these are obtained under the assumption
of separability, it is easy to extend them to the general case.

Let B, and B, be the algebras of all bounded operators on Hilbert
spaces H, and H,, then the operator a in H,® H, can be represented
by an operator matrix <{a, > (@,s¢€B;) [6, Lemma 2.4.3]. Let M, be a
W*-algebra on H,, then it is easily seen that the element b in B;Q M,
is expressed by <(b,;> (b.s€M,) under the above representation. Now
put P.(<bu»)=<{84,b, .y for all y, where §,; is the Kronecker’s symbol,
then P, are considered as linear mappings of B;® M, onto I, M,,
where I; (1=1,2) is the unit of B, and we can show the following
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properties:

(1) P,I)=I where Iis the unit of B,® B, (2) || P,®)I||=]]|b]

(83) P(h)=0 for h=0, (4) P (ubv)=uP) for u,vel;Q M,

(6) P(b)*P.(b)=<P.b*b), (6) P, are weakly and strongly con-
tinuous on bounded spheres, and (7) P.(b*b)=0 for all v imply b=0.

Since these properties are easily seen by a direct calculation ac-
cording to the rules of computation in Murray-von Neumann’s lemmas,
we shall restrict the proof to (5)-(7).

(5)  P<b§ar<ba,p)) = PT(<§;J bifbs, )= <8a,a(§ b7 by, ) = 8a, 505 1br,r)
=P, (b)*P,(b).

(6) By the definition 2.4.2 of [6], <0,0,- -,V 0,-«->=<b, V¥,
bV s+ by, - -> and so the mappings b—b,,.—~I;®b,, . are weakly
continuous on bounded spheres. Then, the weak continuity on bounded
spheres and (5) imply the strong continuity on bounded spheres.

(7) Since P.r(b*b)z<8a,a(21b;“,§bm)>, P (b*6)=0 for all ¢ imply
b..=0 for all v, {; hence b=0. This completes the proof.

Let M, be a W*-algebra on H,, then the direct product M;R M,
is a subalgebra of B,® M,, and so the restriction of P. to M,® M,
defines a linear mapping of M, @M, onto I,® M, Therefore, we
obtain

Proposition 3. There is a family (Q,) of linear mappings of
M, ® M, onto I, ® M, satisfying the properties (1)-(7).

Theorem 2. Let M, and M, be W*-algebras, one of which is purely
wnfinite. Then the direct product M,& M, is also purely infinite.

Proof. Suppose that M, is purely infinite and that there is a
non-zero central projection z of M;® M, such that (M,;® M,)z is semi-
finite, and let M be an ideal of (M;® M,)z in Proposition 2. By
Proposition 3 there is a mapping @, of M;®M, onto I,®M, such
that Q. (e)#0 for some projection ecI. Since Q,(¢)>0, there are a
non-zero projection p(el, @ M,) and a positive number A(>0) such
that 1p <@, (e).

Suppose that (x.) (||#.|]|=1, . (L@ M,)p) converges strongly
to 0, then (x.e) converges strongly to 0; hence by Proposition 2 (ex¥)
converges strongly to 0, and so by the strong continuity on bounded
spheres of Q., Q. (ex¥)=Q,(e)x¥ converges strongly to 0, so that
(pQ:,(e)D+I—p) '@y ()xs =(pQ; (O)p+ I—Dp) 'pQ, (e)pxrs =a} converges
strongly to 0. Therefore, the adjoint operation is strongly continuous
on bounded spheres of p(I;® M,)p, and this contradicts Proposition 2/,
which completes the proof.

As J. Dixmier [4, 'exercise 4, p. 2560] points out, Theorem 2
implies very easily the following

Corollary. If M, is a continuous W*-algebra and M, an arbi-
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trary W*-algebra, then the direct product M, R M, is continuous.

Therefore, we can say that all questions concerning the *type”

of the direct product of W*-algebras are now solved.
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