No. 9] 571

130. On Linear Functionals of W*.algebras

By Shoichird SAKAI
Mathematical Institute, Tohoku University, Sendai, Japan
(Comm. by K. KuNuUGI, M.J.A., Nov. 12, 1958)

1. We shall explain the background of our study.

Let B be the W*-algebra of all bounded operators on a Hilbert
space H, then o-weakly continuous linear functionals on B are identi-
fied with operators of trace class u in H as follows: Y, (a)=Tr(ua)
(a e B). Self-adjoint (resp. positive) operators u of trace class correspond
exactly to g-weakly continuous self-adjoint (resp. positive) linear func-
tionals ¥, and the trace-norm ||u||,=Tr((u*w)'"?) of u is equal to the
norm ||V, ]| of corresponding functionals. If u is self-adjoint, it can
be written under u=v—w, where v and w are its positive and nega-
tive parts, and ||u||;=||v||;+]||w]|l,. Besides, if we have u=v—w/,
where v/, w'>0 and ||u|l,=||v'||;+]|w'||;, then we can easily show that
v=2v"and w=w'. Namely: A os-weakly continuous self-adjoint functional
4, on B can be written under ¥,=v,—v,, where ¥, ¥, ,=>0 such that
¥ =11, l+]|¥.]l, and such decomposition is unique. Grothendieck
[8] has shown that this fact holds also valid in general W*-algebras.

On the other hand, we know a stronger fact in B as follows: Let
t be an operator of trace class, t=v|t| (|t|=(t*t)"?) its polar decom-
position, then ||¢|];=]| |¢] ||, and v is a partially isometric operator (e B)
having the range projection of |¢| as the initial projection. Now we
consider the functional ¥, and denote V¥, (xy)= f’\h(x) and ¥, (yx)= f’«h(x)
for «, ye B, then since ¥, (xy)=Tr(txy)="Tr(ytx), the above fact implies:
Y= V¥, 1. |=I1¥. || and V is a partially isometric operator having
the support S(¥,) of ¥, as the initial projection, where for ¥=>0,
S(¥)=I—supe [e, projections such that ¥ (e)=0].

Moreover we can easily show that such decomposition is unique,
and call this decomposition the polar decomposition of functionals.

Our purpose of this note is to show that the polar decomposition
of functionals is also valid in general W*-algebras.

2. We shall state

Theorem 1. Suppose a W*-algebra M realized as a W*-subalgebra
of the algebra B on a Hilbert space H, then a c-weakly continuous
linear functional ¥ on M is the restriction of a g-weakly continuous
linear functional of the same norm on B.

Proof. It is enough to suppose ||¥||=1. Let S be the unit sphere
of M and F={a||Y¥(a)|=1, acS}, then F is a non-void, convex, o-
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weakly compact set by the o-weak compactness of S. Let a be an
extreme point of F, then a is also extreme in S; put u=1v(a)a, then
% is extreme in S and Y(u)=1. By a theorem of Kadison [2], an
extreme point « is a partially isometric operator such that

(I —uu*)M (I —u*u)=(0). Therefore by the theorem of comparability,
there is a central projection z of M such that I—uu*<zand I—u*u<<I—z;
hence wu*=I—z2 and u*u=z, so that u(I—z)u*(I—2)=I—=z and
u*zuz==z. Since Y (x) =Y (x2)+V(x(I—2)), if it is shown that the restric-
tions ¥, and ¥, of ¥ on Mz and M(I—2) are extendable to functionals
of same norm on 2Bz and (I—z)B(I—z) respectively, ¥ is extendable to a
functional ¥ of same norm on zBz+(I—2)B(I—z); then, define ¥(z)=0
on (I—z)Bz+2B(I—z), ¥ is extendable to a functional of same norm
on B. Since V¥,(uz)=||¥,|| and so UZvy(I)=||v¥,|| and || Uv,||<
|||l ¥ [|=]||¥:]], where ||-]|.. is the uniform norm of an operator, by
the well-known theorem 172% is positive; hence by the result of
Dixmier [1] ﬁ?«h is extendable to a positive normal functional &,
of same norm on 2Bz. Then

Z U*&,(@)=¢,(weu*) = U2 (weu) = Vry(weuruz) = (a2) ="(x) for
% ¢ Mz; hence 20 *¢, satisfies our demand. Analogously (I fZ) l?«lrz is
positive and so it is extendable to a positive normal functional &, of
same norm on (I—z)B(I—z).

Then

U(I = Z)e@)=(I—2yu*2) = = Z) Uv((T—2)u*x)
=Yy(u(I—2)(I—2z)u*x)="vy(x) for xc M(I—z);
hence ﬁ*(I "y )¢, satisfies our demand, this completes the proof.

Theorem 2. Let M be a W*-algebra and ¥ a c-weakly continuous
linear functional on M, then it can be written under V= f/\’go, where
¢ s a positive normal functional, ||V||=]|¢|| and Visa partially
isometric operator of M having the support S(¢) of ¢ as the initial
projection, where S(¢)=I—sup e [e, projection of M such that ¢(e)=0].
Movreover, such decomposition is unique.

We shall call the above ¢ the absolute value of ¥ and denote it
by |¥| [ef. 4].

Proof. It is enough to suppose ||y||=1. Let u be a partially
isometric operator of M such that Y(u)=1, then Uv is positive.
Moreover, since wu*u=wu, Y(u)=v(uu*u)= U Y(uu*)=1. Therefore
uu*gS(ﬁ\lf). Put w=u*S(ﬁ\lf), then w*sz([j’\lr); hence w is a
partially isometric operator having S(l?’«[f) as the initial projection.
Moreover ﬁ\lr(w)= ﬁ'\lf(xS(l?'\P))z\lf(wS( ﬁ«#)u):«lf(ww*)= Vf’*«lr(x) for
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all ¢ M; hence ﬁ«lf: VAV*«Ir.

Now we show

Lemma. Let p and q be projections such that p=ww* and q=w*w,
then Y(x)=v(xp) and Y(x)=v(qx) for all xe M.

Proof. We can suppose M realized as a W*-subalgebra of B on
a Hilbert space H. By Theorem 1, ¥ is the restriction of a s-weakly
continuous linear functional ¥ of same norm on B. Then

V(w*)=Y(w*)=1 and w*p=w*, qu*=w*.
Therefore, put Y(x)=Tr(tx) (t: operator of trace class), then
sup | ¥(@)| = sup |Tr(tap)| = sup |Tr(pte)|=||pt|l,=Tr((t*pt)"")

[ll] o1, 2E Bp il o1
=1=||t|l;=Tr((t*t)").
On the other hand, t*pt<t*t, so that (t*pt)"*<(t*t)’* [cf. 4]; hence
by the above equality (t*pt)'2=(t*t)"% t*pt=1t*t and (I—p)t=0.
Therefore ¥ (a(I—p))=Tr(ta(I— p))=Tr((I— p)tx)=0; hence V(&) =Y (xp)
for all xe M.
Analogously

sup [¥(x)| = sup |Tr(tew)|=|[ta|l,=]qt*|l,=Tr((tgt*)"*)=1
1)l o<1,2€0B 1)l =1, 2E B
=Tr(@*¢)"*)=|t[l.=I]¢* |l.=Tr((E*)"");
hence tqt*=tt* and so (I—q)t*=0, t(I—q)=0. Therefore «F((I —q)x)
=Tr({t(I—q)x)=0; hence Y (x)=y(qx) for all xe M.
This completes the proof.
By the above lemma,
Y(@)=P(ep) =V@ww* )= W(W*p)(z) for all s M;
hence W(W*«P):«lr. Taking W*«If as ¢ and W as f}, the decomposition
Y= Vgo:W(W*«P) satisfies the first part of Theorem.

Next we shall show the unicity. Suppose that ¥ can be written
under V=1V’ ', where ¢’ =0, ||¥]|=||¢’|| and Viisa partially isometric
operator of M having S(¢’) as the initial projection. Since Y(v*)
=Y(v'*)=1, ¢ is zero on (I—v*v)M and (I—v"*v")M by the same reason
with Lemma; since (I—v*v)M4(I—v"*v')M is a right ideal, its closure
E is also a right ideal; hence by the well-known theorem of W *-algebras
there is a projection e of M such that F=eM. Assume that I—v*v<e,
then v*v>I—e. Then, we have

1=Y(v*)=Y((I—e)v*)= Vo((I—e)v*)=o((I—e)v*v)=¢(I—e).
This contradicts that v*v is the support of ¢; hence I—e=v*v and
analogously I—e=v"*v’; hence the final projection of v"* is S(¢), so that
S(pw'*=v"*. On the other hand, by the same reason with Lemma
Y is zero on M (I—wvv*) and M(I—v'v'*); hence its closure E’ is a left
ideal and so there is a projection ¢’ of M such that E'=Me’. Assume
that I—ovv*<e’, then vv*>T—¢’ and moreover
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Y(w*) =P (I—e'))= Vo(w*(I—e))=pw*(I—e')v)=1.
On the other hand, since I—e' <wvv*, v*(I—e )v<v*v=_S(p), this is
a contradiction; hence e’=I—wvv* and analogouly ¢'=I—v"v'*, so that
ww*=2vv"*, Then

o(S(E)=1=A(v'*)= PV *¥(v'*)= V(0 *0).

Since S(p)v'*vS(¢)=v*v=a-+1b (a, b self-adjoint), then a=<S(¢); hence
by the above equality a==S(p); therefore by [|v'*v|..<1, b=0, so that
v*v=S8(¢). Therefore vv*v=vv*v=0v=2"S(p)=vv*v=0V*v'=7".

Therefore

I;'go(x):go(wv):go(m’): T'}’go’(x)zgo’(wv’) for all xe M.

Hence

o(yv*v")=p(y)=¢'(yv'*v)=¢'(y) for y=0 and yeS(p)MS(¢p).
Since ¢ and ¢’ have the same support S(¢), the above equality implies
p=9'.

This completes the proof.
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