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57. Notes on Uniform Convergence of Trigonometrical
Series. II

By Kenji YANO
Department of Mathematics, Nara Women’s University, Nara
(Comm. by Z. SUETUNA, M.J.A., June 12, 1959)

1. We consider a series with real terms

”21 a, (a,=0),

and write
1.1) Si=SVAL_, a,=3) A7} s,

(— o0 << 00),
(1.2) t;.=§3"0 A,’.:l(ua.,)=””o Al-lt,

where s,=sb, t,=t), and A,’.z(rj;n). Then, in particular sj=0, i =0,
and for n=1,2,-.-,

Sl =0y 8 = — Oy = — Al

th=mna,, t;‘=nra,—n—1a,_,.

The object of this paper is to prove some theorems (Theorems
3-5) which will unify the results of Szész [1], Hirokawa [5] and
others. This note is a continuation of Yano [6, 7].

THEOREM 1. Let 0<r, 0<s<1 (or s=1,2,:--:) and 0<a=<1. If

(1) St =o(mi*™),
(L4) S|t =0(n )

as n—>oo, then the series >)a, sin nt converges uniformly (on the real
axis).

THEOREM 2. Under the same assumption as in Theorem 1, the
series >) a, cos nt converges uniformly when 0<a<1, and in the case
a=1 this series converges uniformly if and only if 3] a, converges.

These theorems are an alternative form of Theorem 1 in the
papers [6] and [7] respectively.

2. THEOREM 3. Let 0<s=1, and ¢ be an arbitrary real constant.

If

(A.2) (1—z) i 1, %" > 0 (x—>1—0),
(21) S (nl—1)=00m"") (n—>c0),
where

(2.2) Ta=1+qn )t =33 (n=1,2,---),



258 K. YawNo [Vol. 35,

then, (I) > a,sinnt converges uniformly, and (II) > a, cos nt con-
verges uniformly if and only if 3] a, converges.

COROLLARY 3.1. Let p and ¢ be two arbitrary real constants,
then the condition (A.2), and

(23) 31 (17 ~7)=0(1), where
24) re=(Han=(na, +)— [(n-+1)a,.,+2],

imply the conclusion of Theorem 3.

This is a result from Theorem 8 with s=1, and this corollary
contains a theorem of Szész [1], in which the condition (2.3) with
(2.4) is replaced by “ p=0, ¢=0, and for n>n,

0=(n+1a,.,+p=(1+gn*)(na,+p)”.

COROLLARY 3.2. The condition (A.2) and

(2.5) 22”” (| Ag, |—Aa,)=0(n-1) (n—>c0),

imply the uniform convergence of >) a, sin nt.

This follows from Corollary 3.1 with p=0 and ¢=1, since then
r.=m+1)Aa,.

Proof of Theorem 3. The theorem follows immediately from
Theorems 1, 2 with a=1, and the following lemma.

LEMMA 1. The assumption in Theorem 3 implies ¢,=o(n), and

(26) S(6 |+ =00,

For the proof of this lemma we need some other lemmas.
LEMMA 1.1. If «>0, and s; is defined by (1.1), then the Abel
summability of > a,, i.e.

(A1) 1—2) 5,27 >C (z—>1—0)
implies (1—2) ) (s2/A)z" > C (z—>1—0).
n=1

This is due to Szész [3].

LemMma 1.2. If (A.1) holds, and s,=0,(1), then si~Cn as n— oo,
This appears in Hardy [9, p. 155].

LEmMA 1.8. If ,=0 and a>0, then

S, =0(n7) & 31u,=0(n"),
3 u,=0(n") & 3 u,=0(n"),

as n—>o., O’s may be replaced by o’s respectively.

This is Lemma 1 in Yano [6].

Proof of Lemma 1. 7, in (2.2) is written as
2.7) 7= (n+1+q)/'(n+1))Ac,,
where Ac,=c,—¢,,;, and
2.8) 6 =(T' ()| (n+q))t5.
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Here we may suppose that ¢,=0 when ¢>—1, and ¢, ¢;,- -+, ¢;_,7 are
all zero when ¢=<—1. This assumption is permissible with no loss
of generality as the succeeding argument shows. Observing that
I'(n+q)/I'(n)~n? by Stirling’s formula, the condition (2.1) is, by (2.7),
equivalent to

(2.9) (| Ac,|—Ac) =O(nt+-0).
Now, the condition (A.2), ie. (1—) S1¢,4"—>0 implies
(2.10) (1—x)§1(t;,—:/A;.—8)xn—>o (z—>1—0),
by Lemma 1.1, since l—ngT_and (2.10) is written as
211y (1=2) 3} (I(n+q)/ T () A*)e,a" >0

by (2.8). Further, observing that I'(n-+q)/['(n)A,*~T'(2—s)n*1"1,
we may for the sake of convenience replace (2.11) by

(2.11) (1—2) i )\ (z—>1—0).
If 1—s—q<0, applying Lemma 1.3 to (29) we have
2.12) S Al | = (€4 um) <Ci1, €0,
for all m>0, andv_:hen successively
Cp—Cpom>—Cnl "¢ (m=1,2,...),

¢,=lim sup ¢,—Cn'~*-9,

lim inf ¢, >=1lim sup c,.
This implies the existence of lim ¢, which may be finite or — o, and
this limit must vanish by (2.11), since if otherwise we have a con-
tradiction. So, letting m—co, (2.12) yields

i |Ac, |—e, < Cnt-*-9,
Combining this inequality with (2.11) we get

1—2x) {j n“‘“( i |Ac, | —Cn"*‘"")oo"

<(1—2) ) wrelezm—>0 (z—1—0),
R=1
ie. A—2)) <n“q" >3 |Ac,|>x”<C 0=<z<l),
n=1 yv=m

where and in the sequel the constant C may be different in different
cases. Since the coefficients of «™ are all positive we get by an
analogue to Lemma 1.2,

Eﬂj (p”‘l‘l % lAc”|><Cn.

=1
From this inequality replaced the lower limit v=z in the second sum
> . by v=n it follows

nere i |Ac,|<Cn,
y=n
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which and ¢,—0 imply ¢,=O0(n'"*"9).
(2.8) and ¢,=0(n'~*-1) yield

(2.18) i =0(nt"%), ie. t¥ATF=0Q).
Applying Lemma 1.2 to (2.10) and (2.13) we have >%_(67°/A)"*)=0(n),
which is equivalent to 2 *=o0(A4%*) by the well-known property between
Cesaro’s summation and Holder’s. 2 *=o(n**) and (2.13) imply t,~°*°
=o(n'-**?) for every 6>0 by a convexity theorem of Tauberian type,
and in particular
(2.14) t, = o(n).
Further, 7,_, in (2.2) is

Tuoi=—b tan = —1t,"+0(n"%)
by (2.13). Hence, the proposition (2.6) follows from the last relation
and (2.1), since

j_;‘””(lt”_sl_l—tv_s) = ’é[l T»-1+O(v's) I—T”_I—O(p's)]

n
=2 [(re-al =7 ) +0E=)]=0(").
This and (2.14) prove the lemma in the present case.
If 1—s—q¢>0, applying Lemma 1.3 to (2.9) we have >nZi|Ac,|
+ec¢,<Cn'~*-9% Substituting this inequality into (2.11),
1—x) i <n5+‘1“1§‘1lAc, |>x"<C.
n=1 »=0
Thus, i (’IH(I_I glAC, l><C’n,
p=1 v=0
again by an analogue to Lemma 1.2, and so replacing the lower limit
p#=1in 330, by p=mn,
n—-1
n eS| Ac, | <Cn.
»=0
This implies ¢,=0(n'~*-%), and the conclusion is the same as the case
1—s—q<0.
Finally, if 1—s—q¢=0 then (2.11) and (2.9) are reduced to

(1—w)§1c,,mn—>o (5—>1—0),
and (| Ac,|—Ae)=0(1) (n—>o00),

respectively. These two conditions imply ¢,=0(1)=0(n'"*"%), by a
lemma (Lemma 1) due to Szasz [2]. Henee, in this case also the con-
clusion is the same as the case 1—s—q<0. Thus the lemma is estab-
lished completely.

3. TUsing Theorems 1, 2 and the preceding lemmas we can prove
the following theorem analogously as Theorem 3.

THEOREM 4. Let 0<s<1, and p,q be two arbitrary constants.
If

(A1) (1—2) 2 8,08" > ¢ (z—>1—0),
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and S (13, |—8,)=0(n*~*) (n—>oo),
where
(8.1) 0, =1 +gn )t + psi) — (tazs +pss™*),

then s,—>o, and the series > a,e™ converges uniformly (on the real
axis).

COROLLARY 4.1. Let p and ¢ be two arbitrary constants, then
the condition (A.1) and

3.2) >31(16.]-6.)=0(1), where

(8.3) 0, =Q+gn")[ns,—(n—1)s,_;+p]—[(n+1)s,,,—ns,+p],
imply s,—> o, and the uniform convergence of > a,e'™
This follows from Theorem 4 with s=p=1, and contains a theorem
of Szész [1], in which the condition (3.2) with (8.3) is replaced by
“p=0, =0, and for n=n,
0=(n+1)s,.,—ns,+p=(1+gn *)[ns,—(n—1)s,_,+pn]".
COROLLARY 4.2. The condition (A.1) and

(3.4) S (57t a5+ =0(n""), 0<s<1,

imply the uniform convergence of > a,e™

This follows from Theorem 4 with p=1—s and ¢=1, since then
the identity t,=mns} '—ys,_, implies §,_,=—ns;°*"! The case s=1 is
as follows:

COROLLARY 4.3. The condition (A.1) and

22 (| Aa, |—Aa,)=0(n-)

imply the uniform convergence of > a,e™

Remark. We see from Corollary 4.2 that “if > a, is summable
(C, —1—0) for some positive J, then the series > a, cos nt and > a, sin nt
converge uniformly” as it is known. But this is not true when §=0,
since then a negative example has been given by Izumi [4] for the
cosine series, and by Hardy-Littlewood [8] for the sine series.

Theorems 3, 4 are concerned with the case «=1 in Theorems 1, 2.
In the case 0<a<1 we have the following

THEOREM 5. Let O0<7, 0<s<1 (or s=1,2,--.), and O<a<1. If

fi lt:’! — o(nlq-ra),
and 3 (16,1 —8.)=0(n-*)

where d, is defined by (8.1), then > a, converges, and the series 3] a,e'™
converges uniformly.
COROLLARY 5. If 0<7, 0<a<l, and t;=o0(n) and

(35) S (a0, |- 20)=0(n"7),
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then > a,e™ converges uniformly.
This corollary is due to Hirokawa [5] when (3.5) is replaced by
in | A0, |=0(n"").
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