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Although the linear partial differential equations of the second
order with constant coefficients of the terms of the second order have
already been solved 1, 6, it seems to have not yet done to solve the
linear partial differential equations of the second order with function
coefficients of the terms of the second order. In this note, a method
will be proposed for reducing the latter problem to the former succeed-
ing in solving the linear partial differential equations of the second
order with function coefficients:

u u(0.1) g(x) 3x3X +b(x)+c(x)u--f(x)

under a certain condition for the function coefficients. The basic
principle is to transform the parallel coordinates (x) to the II-geodesic
parallel coordinates (St)of Prof. T. Takasu [2-4 and to render (0.1)
to the form:

+(0.2) t 3t3

I. Recapitulation of eended ane geometr of Prof. T. Takasu

1. II-Geodesic curves in an affine space A". Let (x), (l=l, 2,
.., n) be parallel coordinates of a point in an ane space An. Set

(1.1) w w(x)dx, (1, m,. ., p,. =1, 2,..., n),
where the Pfaffians are assumed to be not exact (an-holonomic) in
general. Throughout this paper, we assume that the affine space A"
is a differentiable manifold of class C’(,=positive integer or ,= or
,=o) and that are linearly independent:
(1.2) w(x)0 in A.

The assumption (1.2) will be justified by the actual existence of
extended ane transformation in Art. 2.

N.B. We can apply our theory also to the case of the atlas of
differentiable manifolds in the sense of S. S. Chern [7 and C. Ehresmann

For the given w(x), we introduce 9(x) by the conditions
9,

and set



No. 7_] A Method of Solution of Linear Partial Differential Equations 317

(1.6)

Thus we have

(1.4) z/- 2, 3 -- 39

We are considering not only the affine space A(x), but also the
differentiable manifold {w(x)}, thus the sum-manifold:
(1.5) A(x)+{o(x)}.

Take a curve x=x’(t), (t=affine length), which we shall study.
We can readily prove the identity:

d (dx dx dx)dt dr= dt dt dt

(1.7) d o d2x dx dx
+_ dt. 1

dt dtdt dt
-0 +’ ----=0.

What (1.7) gives, we will call the II-geodesic curves (read: ’geodesie
curves of the second kind’) corresponding to o(x).

The first differential equation (1.7) is integrated readily:

(1.8) =adt, (a const.),

f dt--at+c, (c--const.),

which exists in A, which is of class C.
From (1.9), we see that the curves represented by (1.7) or (1.9)

behave as for meet and join like straight lines.
Now we may write:

clef(1.10) dt--o--a(x)dx (a,(x) (x)),
notwithstanding (o is not holonomie (exact) in general.

The first equation of (1.7) may be rewritten:

(1.11) d2
dt

Multiplying (1.8) with 9, we see that the relations
(1.12) dx-a9dt
hold along the II-geodesic curves.

The () may be interpreted as generalized parallel coordinates
referred to II-geodesic coordinate axes. We will call () the II-
geodesic parallel coordinates corresponding to (x).

2. Extension of the ane transformation group. From (1.8)
and (1.9), we have
(2.1)
where

(2.2)
From (2.1), we obtain

(2.3)
where

(2.4)

dt-a(x)dxm,

a(x) d

$--a(x)x, -ao(X),

ao(X) fx daS(x)
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by integration by parts.
In order that (2.3) may be considered as an extended ane trans-

formation, straight lines

(2.5) -d--x- 0
dt

must be transformed into II-geodesic curves corresponding to {a(x)}:

(2.6) d -0.
dt

Now, from (2.1), we have

d_a(x dx d _da(x) dx_+a(x dx
dr dt dt dt dt dt

Hence, by the demands (2.5) and (2.6), we must have
(2.7) O=da(x)dx’=da(x) A dx’=do
along the II-geodesic curves, where d is the exterior differential operator.
(2.7) arises from the so-called equations of structure.

(2.5) and (2.6) and thus (2.7) demand us that Co(X) must be con-
stant. For,

da fda ( ) ff
=_ff{ ff3x dt dt

along the II-geodesic coordinate axes corresponding to [a(x)}. Thereby
the condition for that the repeated integral may be converted into a
double integral is satisfied and we may put

da(x)dx’= da(x) A dx",
since their zero-values only are retained.

Thus we have finally

(2.8) =a(x)x +Co, (Co=Const.)
acompanied by the condition
(2.9) a(x) i0 in An,
to which we will refer as extended ane transformation.

The totality of the extended affine transformations forms a group
(, which we will call the extended ane (transformation) group.
The ( contains the ordinary aine group as subgroup.

The totality of the elements of (, which are free from , together
with the unit transformation, forms a subgroup 29 of (, so that we
have
(2.10) ( =g59=.

The geometry under ( will be called the extended aigine geometry.

3. Expressions for in terms of x

The transformation formula (2.8) itself expresses () in terms

of (x’). Owing to (2.9), it admits of its inverse transformation (cf.
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II. Tran.sformation of (0.1) into (0.2)

into Being suggested by4. Transformation of g’

the known relations
ds2-gidxidxJ--wtcj, gij--O)Ooj,

we proceed as follows. We can readily prove the identity:

which suggests:

(4.2) gq(x) , x x’ x
Now it is known that

(4.3)

where is a generalization of the partial derivative operator.

Owing to (1.10), we may rewrite (4.3) as follows:

(4.4)
3x

adopting the II-geodesic parallel coordinates .
Hence we have

(4.5) gq(x)

(5.3)

we obtain

5. To transform (0.1) into (0.2)
The inverse transformation of (2.8) is

(5.1) x-+X’o,
where
(5.2) x’0= -ao.

Introducing (4.5) and (5.1) into (0.1):

gq(x) 3....u +bt(X)x +c(x)u=f(x)xx
u +,() u(5.4) ,
it -+($)u-- f($).

So far we have ,t=l. But, if we confine ourselves to real t only,
some of et may be +1 and others --1.

Thus we are led to find 9 from g* except under extended affine
transformations by a process similar to that by which we find from
gi, assuming that
(5.5) ’(x) = 0, -(x) c.
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