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133. General Analyses of the Forced Oscillations
in a Waveguide and in a Cavity

By Yoshio HAYASHI

Department of Mathematics, College of Science
and Engineering, Nihon University

(Comm. by K. KuNuGl, M.J.A., Nov. 12, 1960)

The electromagnetic fields E and H in a homogeneous and isotropic
medium with medium constants ¢, 2 and o, satisfy the equations
(1) VX E=—topH—ky, VXH=(0+10¢)E+k;
when known distributions of densities of electromagnetic currents kg
and k; are given. In the other paper,” the author has shown that
the fields in anisotropic inhomogeneous medium, when discussed along
the line of the theory of perturbation, satisfy the same equations as
(1), in which k; and k; have been the perturbed terms. Therefore
the analysis of (1) is not only interesting in itself but useful for
studies of the fields in anisotropic inhomogeneous medium.

1. Suppose that i, is the unit vector along z-axis, and that
E=E +iE,, H=H+iH, k;,=kg+iks, ki=kyg+iky,, and V=",
+i, 0/0z, then (1) will be reduced to
(2) OE,)0z=V .E,+iopi,X H+i,Xky, topH,=V,-[{,X E,]—ky,
0H,/oz=V H,— (6 +1we)i, X E,—i, X kg, (6 +iwe)E,=—V, [, X H,] —kyg,.

To begin with, we shall consider about the fields in a waveguide,
the axis of which is parallel to z axis. Let & be the two sided Laplace

transformation defined as B{F(z)}=F(s)=s f Z'”F(z)dz. Applying £ to

—~00

(2), we shall have, after some calculations,
(3) K'E,=sV K, +7:wﬁiz.>< V.H,+topky, +'S:iz XKz,

kKPH,=sV . H,— (6 +10e)i, XV E,+ (6 4+ 10)k sy, — 8, X kg,
(4) 4B, +KE, =9, 4H,+KH,=9g
where £*= —iwp(o+108), k*=r*+s% 4,=F,-V, and g,= —sV,- kg,/(0 +iws)
—V, [, ¥k, ) =Kk 5,/ (0 +i0e), 9y=—8V, ky top+V - [i,X kg, ] —Kky./top.
Conversely, assume that E, and H, satisfy (4), and that E, and H, be
defined by the right hand sides of (3) with the solutions E, and H,
of (4), then it is easy to see that these values of E and H satisfy
(2), that is (1). Therefore (1) is equivalent to (3) and (4).

Next we shall consider the fields in a cavity. Here a cavity
means a finite domain which is enclosed by a waveguide and two
planes of conductor perpendicular to the axis of the waveguide. Let
these planes be =0 and z=L. Suppose that the finite Fourier sine
and cosine transformations of 6(2), which is a function defined in
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0=z2<L Land satisfies the Dirichlet condition there, are defined as
L
0,(v)= f 0(z) sin 7, zdz and 6,(v)= f 0(z) cosy, 2dz (y,=vr/L) respectively.

Applyi;’lg the cosine transformatgon to the first and the last equations
of (2), the sine transformation to the other equations of (2), and using
the boundary conditions on z2=0 and z=L, we shall have,

szzs(v): _TthEzc(”)_}'iwﬂiz X Vtst(v)'i_?:w)ukEts(V)_rviz XkHtc(p)y

(5 ) k‘iﬂ;c(v)zTthst(”)—_(o'"I_iws)iz X Vthc(”)
+ (0 + ims)k}[tc(v) _Tviz X kmc(l)).
(6) 4,H,,(0)+EH, () =95,0), 4.E,(0)+EE. (v)=09z0),

where k}=«*—73, and the quantities with suffix s, such as E,,, represent
the sine transformations, and the quantities with suffix ¢, such as
H,,, represent the cosine transformations, of the corresponding field
components.

Now, (5) and (6) will be reduced to (8) and (4) respectively, if
the notations in the former, for instance k,, E,,, H,,, etc., are replaced
by k, E,, H,, etc. Hence the analyses of the former will be available
directly for the latter, and therefore we shall study about the analyses
of (8) and (4) in the following.

2. In order to obtain the fields in a waveguide, it is necessary
and sufficient to have the solutions FE, and H, of (4) which satisfy
the boundary conditions. Let C be a curve or curves, which are the
intersections of a plane 2=z with the walls of waveguide, and let S
be a domain enclosed by C. It makes no difference whether S is
simply connected or not. If the waveguide is filled with a single
medium, E, and H, are continuous in S. In this case, E, and H, can
be expanded as

(7) B, =20 pn+bn¥nl,  Ho=3Honpn+dntnl,

where ¢, and ¥, are eigen functions of 4,¢,+A,0,=0 and 4,
+2,.¥,=0 with eigen values 2,,, and 2,, respectively. Moreover, it
has been assumed that the boundary conditions ¢, =0 and oV, /on=0
on C are satisfied, where d/dn denotes the differentiation along the
outer normal on C. The reason why two kinds of function system
have been employed is that the boundary conditions on S, ie. E,=0
and oH,/on= —sk,[iopt—kz., must be satisfied, where k,, and k. are
normal and tangential components of kg, and k; on C respectively.
It is easy to see that the following conditions are necessary and
sufficient in order that (7) is the solutions of (4) which satisfy the
boundary conditions on C.

Ebmlp‘m:()y zcmagom/an: _San/?:wﬂ—.kEu on Cy
(8)  au=1(t—s) SRV, [ u¥ndS— [0sp,dS)
s s

4w =108 —) S =10 [ 04udS— [g.0a8)),
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where h}, =1}, —«% (=1, 2).

When the solutions a,, b, ¢, and d, of (8) are obtained, E, and H,,
determined by (7), and E, and H,, determined by (8), are the desired
field components of the forced oscillation in a waveguide. Because of
the linearity of (8), it is easy to see that these solutions are unique
up to the field components of free oscillation in the waveguide. This
ambiguity will be removed when the total fields on one plane z=z
are given. Thus we have had the formulae to give the fields in a
waveguide completely.

For an example, we shall study about the forced oscillation in a
circular waveguide of radius @, in the presence of the unit radial
magnetic current density. Without loss of generality, the coordinates
of the current may be r=p, #=0 and 2=0 (0<a) in the cylindrical
coordinates system. Since ky;=0 and k,=i,0(r—p)d(0)d(z), we have
k(s)=0 and k(s)=i,s6(r—p)6(#). Substituting these values into (8),
it will be able to calculate the values of a, etc., with which we
shall have E,= — Z /(hlmn—sz)imAf,,,. nQimid n(Amm)e™, where J,, is the
Bessel function of 7- -th order and A4,, is the normalizing factor of
S (Ammye™?.  All other components of E and H can be obtained, but
it will be omitted to describe for the sake of brevity. Difficulties
remain still in the calculations of the inverse Laplace transformation
£-!, but in this case, we can compute the inverse transformations
of E,(s) etc. obtained above, by virtue of the formulae L-Yhs/h?—s%}

=1/2-e7 "1 8- f(s)/s}= fh(f;)dc and £-Y{sf(s)}= -—h(z)(Re s>0), where

S(8)=2{h(2)}. We shall be able to find that the ‘strip of convergence’
in our example is 0< Re s<<Reif, where £ is one of the roots of &%
of which Im £<0. Thus we shall have the desired field component

E,= Z(—zm/Zhlmn)A m(zlm,,)Jm(zlm,.)e”"" Rnl®l | where hl,,m is one of

the roots of h,..=A,.—«% of which Re hl,,m>0 Descriptions of other
components of the fields have also been omitted, for the sake of
simplicity.

3. Next we shall study about the plural numbers of media. It
is sufficient to consider of two distinct media, since similar holds for
more numbers of media.

Let K be a curve which lies in the interior of S. Suppose that
S, is the domain bounded by K, and S, is the domain bounded by K and
C. (S=S,+8S,). Quantities, such as the fields, forced terms, and medium
constants, will be indicated by suffix ¢ or e that to which medium
they belong. Then the boundary conditions on K will be; E, ,=FE,
(is put =E,), H,=H,(=H,), 0K, 0r=1/I",0H Jon—1/I,0H,,/on+hg,
and o0H,/or=1/4,0E,Jon—1/4,0E,,/0 n+h,; where 0/0r denotes the
tangential differentiation on K, and h; and h,; are known functions
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constructed with k; and k; in S; and S,. Also I, and 4; (j=1,e)
are constants defined as 1/I",=—top,/s(ki—ri)-(kk./k;)? and 4,
= —1twl,/(c,+1w¢e;)- ', where kj=«}+s. On the other hand, the bounda-
ry conditions on C are E,,=0 and 0H,,/on= —sk,z,/tott.—k.z.. Our task
is to find the solutions E; and H, of 4,E,,+k}E,,=g,; and 4,H,;,+kH,,
=9,z which satisfy the boundary conditions on K and C.

Suppose G(P, Q)=1/4,- H*®(k,R), where R is the distance of two
points P and Q; R=PQ, and H® is the Hankel function of the second
kind of 0-th order. Let G, and G, be the normal and tangential
derivatives of G on C and K. Then, by the help of Green’s formula
and the boundary conditions mentioned above, E, and H, will be
represented as follows:

B(P)= (1) [ 6P QE.QiS,~(1~1) [ 6. POE.@as,
—4, f C.PQH,@ds, + 1 f G(P.QIE,./on dsq—Fs(P)

(9)
H(P) =i~k [ (P H.@3S,

) f G (PQH.(Q)ds,

-G, QB @ds,— Lt 7 P OH. Qs ~f P
E.(P)="L(ki~1) [ GP.QEQdSe+(1- %) [ G.(P.OE.@Qds,
— 4, [ GP.QH,Qdso+ [ GP.QIE.fom dsg—F.s(P)

(10)
H..(P.,)=

— k) f G(PeQ)Hi,(Q)dSQ-Q—( f) f G.(P.QH,(Q)dsq

I, [ GPQEQdso— [ Gu(PQH.(Qdse—F.u(P.)

where P, and P, are points which belong to S, and S, respectively.
Also the last terms f in (9) and (10) are the known functions which
are constructed with k; and kj, the details of which have been omitted
to describe here. Thus the fields in S, and S, have been represented
by the integrals in the right hand sides of (9) and (10) respectively.
Since these integrals contain the values of E, and H, in S,, E, and
H, on K, and 0E,,/on and H,, on C, we must have the integral
equations to determine these unknown quantities. Taking the limits
of (9) as P, tends to a point P on K, and limits of (10) as P, tends
to a point P on C, and using the results which have been obtained
concerning to the limits of logarithmic simple and double layer poten-
tials, we shall have the desired system of integral equations of Fred-
holm type, after eliminating the singular integrals appearing there
by the help of the Poincaré-Bertrand formula, as follows:
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A+ 4, Ail’iFe}E P
2{ 4, + r.+r, «P)

. 24,I",
=) [ (e, @E@-21Le . PoH @)ds,

e 3

+) {24 L L. (po)-d A6, (PQ| B @s,

I+,
24,(,—T,) 24,T,
- f o G POHQdso + f (AL G APOH.@)

+ 4 CPQIB.@)fon) dso+ 2205 [ GPQUF(@lordse—Fis(P).

an 1 {r,,+r, L L, } H(P)
2 U 1, A4,

=) [ [erom@-2 ﬁ G.(PQE.@}dS,

e

+f (Bt 2Lt G..(PQ)— r “G.(PQ)| H.(@ds,

A+ 4, .
20 (4,—4,) _[[era4,
+ K——Z-_I_—I-Gm(PQ)Ez(Q)dsQ f {/1 0 6. o(PQIE. Jom
1 CPQHQ dst ey [[GPQRSQIon dsg—S )
(P¢K).

_gaE%(P)/an= f 9G(PQ)/on30E.,(Q)/onqds,

k) [ 0G(PQ)Im;E..(Q)ds,
+(1-%) l #G(PQ)/am,imiE.(Q)ds,

12 _y, [#6PQ)an e H(@dse—af (Pom

1) f GPQH..(Q)dS,

FHAP)= = [CPOHQds+
(1= 7e) [ 6 POH@dse—r f G.PQE.Qds—F.4(P),
(Pe0)
where G.,(PQ)= f G.(PQ)G(QQ)ds , G..(PQ)= f G.(PQ)G,(QQ)dse,

and G..(PQ)= [ G.(PQ)G.(QQ)ds,,.
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