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42. On the Behaviour of Analytic Functions on the
Ideal Boundary. III

By Zenjiro KURAMOCHI
Mathematical Institute, Hokkaido University
(Comm. by K. KUNUGI, M.J.A., May 12, 1962)

Harmonic measurability and capacity of Borel sets in B.

Theorem 3. Let R be a Riemann surface with positive boundary.
Suppose a topology is given on R*=R+B. If w,(F, 2)=0 for i==j
for any two closed sets F, and F, in B such that dist(F,, F,)>0.
Then every Borel set in B is harmonically measurable. We call such
a topology an H-measurable topology. Kspecially Stoilow’s, Green’s,
N and K-Martin’s topologies are H-measurable.

Proof. By P.H.3" w(F'NCQ,..,2)=0:9,_ .=FE[zeR:w(F,z)>1—c¢].
Hence w(F,2)=w(F 02, 2)+w(FNCQR,_¢, 2)=w(F(02;,.,72). Next by
w(F,2)<1 Wpaco,_ (I, 2)=w(F([1CQ;y_,2)=0. Now w(F,z)=1—¢ on
Qi.e. And wy m)l_e(F, )+ Wraoay_(F, 2)=w(F, 2) Zwpn 01-F'N2i_¢, 2)
=1 —w(FN Qe 2)=Q—ec)w(F, 2).

Let ¢>0. Then w,(F,z)=w(F,?z).
Suppose the topology is H-measurable. Then w, (F,, 2)=0:4=7:dist
(F14, F5)>0. Whence

wF;(Fl! z)f-::anFz(Flv z)éwa(-l’—'l)'i'sz(Fb z):wF1(F1’ z)' ( 5 )

Similarly wp,. r(F, 2)=w(F,,2). Put Fi,an[zeR: dist (z, Fi)gl].
n

Now wy, (F;,2)=w(F;,2) and w(F,+F, z)=w(F;,2) on oF;,, whence
we have
Wy o(F, z)‘l‘ng,,.(Fn 2)+w(F+Fy 2)=w(F,, 2)+w(Fy,2) on 0F, ,~+0F, ,.
Since 5, ,.r, (W(Fy, 2)+w(Fy,2)) is the least positive superharmonic
function in R—F, ,—F, , larger than w(F,, 2)+w(F, 2) on oF ,+oF, ,,
'wFl,n(Fzy z)‘l‘ng)n(Fv 2)+w(F,+Fy, Z)ZFLMF&"('W(F& 2)+w(F, 2) in R
—F, ,—F,,. Let n>oco. Then by (5)

W(F + Fy, 2) Zw(F, 2) +w(Fy, 2). (6)
For any set A we define w(4, z)=lign w(F',, z), where F,CA,F,%and
F, is closed. Then it can be proved by (6) w(4,+ A,,2)=w(4,,?)
+w(A,, ) for dist(4,, 4,)>0. On the other hand, w(4,+4,, 2) <w(4,,?)
+w(A,,2) and w3 A,,2)<> w(4,,2) are clear by definition for any
sets A4,, 4, and any sequence {4,}. Thus w(4,z?) is outer measure of
Carathéodry. For an open set G in B, w(G, z) is defined as above. Then

1) Potentials on Riemann surfaces, Journ. Faculty of Science, Hokkaido Univ.
(1962).
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every Borel set is harmonically measurable, i.e. there exist a sequence
of closed sets F,1:F,CA and a sequence of open sets G, :G,DA
such that

li}'n w(F,, z):li;n w(G,, 2).

1). For Stoilow’s topology. Let A, be a closed set such that
dist (4,, A,)>0. Since B is totally disconnected, we can find a domain
G with compact relative boundary such that GDOA, and CGDA, Let
w(z) be the least positive superharmonic function in G such that
w(z)=1 on 0G. Then there exists a constant M such that w(z)
< MG(z, p), where G(z,p) is a Green’s function with pole in CG. Let
U, (2) be the least positive superharmonic function such that U,,(z)
=G(z,p) on B,. Then UB(z)zlip U;,(2)=0, whence we have w,,(4,,?)
<MU,(2)=0. Thus Stoilow’s topology is H-measurable.

2). For Green’s topology. Map the universal covering surface
of R onto |&|<1 by z==#(&). Then 2(¢) has angular limits a.e. on
|€|=1. Let &(4,) be the image of A,. Then for any given positive
number ¢, there exists a closed set FCC&(4,) and numbers » and m

such that mes (§(4,) — F')<e, the image of 4, , :E|:z e R:dist(4,,2) < %:l

R R : _ ) £—e’| =«
1 = <dist(4,, 4,) does not fall in D= |J E| &:arg S <Z’|§I>1
n

eWep

——%—] Whence w(A,,z) has angular limits=0 a.e. on &(4,) and

w,4,(Ay, 2)=0.

8). For N-Martlin’s topology. Put @, .=E[2eR:w(4;,2)>1—¢]
and Q¥ .=FE[zeR:w(A,z2,R—R)>1—¢]. Then by w(A,,2)=w(A4,,z)
o7 .C0,.. By HP.4 wd,2,R—R,) < w(A, N2, 2 R—R,)+w(4,
NCRY e, 2, R—R))=w(A;N 2V, 2, R— Ry)=w(Q_c,2, R—R,). Map the
universal covering surface (R—R,)” of (R—R,) onto |&|<1. Then
w(A,,z, R—R,) has angular limits a.e. on |[&|=1. Let E;’° be the set
on which w(A4,,2, R—R,) has angular limits between ¢ and 1-—4.
Assume mes E}7°>0. Then the image of QY .:e<J does not tend
along Stolz’s path terminating at E}~°. Whence w(4,,z, R—R,)=0
a.e. on E}® This is a contradiction. Hence mes E;°=0 and

w w
w(Qi N B,2, R—R)=0: Qi '=FE[z2eR: 6<w(A4,,2, R—R))<1—0]. Let
A, and A, be two closed sets in B such that dist(4,, 4,)>0. Then

w
wAz(Aly z, R~R0)§w(A2ﬂgK€r z, R_R0)+w(A2ngé~ey z, R_R)+8‘ Let
¢—>0. Then
wAz(Al’ z, R_Ro)éw(AzﬂQ?’—e, Z, R‘Ro)éw(Azanl—s; Z). ( 7 )

Let Az,an[zeR Hdist (4,2) = L | and n,>n, >0 such that 4,1 4,0,
n
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=0. Clearly w(d4,,, 2)=w(4, 2) in R—R,—A,,,. Consider 34, ,, as
dG and A,, as C(r, p). Then by (1) we have w(Q¥ .M A, 2, R—R,)
=w(Q¥ N4y 2) = (¥ .NBNA,,,2)|0 as e>0, where 2} .=FE[zecR:
(04, ,,2)>1—¢]. Hence by (7) w,,(4,,2, R—R)=0. Next we show
w,,(A4;,2)=0. Let w*(z) be the least positive harmonic function in
R—R, with w(z)=1 on R, and let w} (2) be the least positive super-

harmonie function in R such that w} (2)=w(z) in B,=F {:zeR: dist (2, B)
é-l—:l. Then since R is of positive boundary lim w3 (2)=0. Clearly
n n

w(Ay, 2, R— R))+w*(2) = w(4,,2). Hence 0=w,,(4,, 2, BR—R,)+wi(?)
=w,, (A, 2) by 1i;n wi(2)=w%,(2). Thus N-Martin’s topology is H-
measurable.

4). For K-Martin’s topology. We have by Lemma 7 w,,(A4,,2)=0
and K-Martin’s topology is H-measurable.
Let R be a Riemann surface with N-Martin’s topology. Let F

be a closed in E—R,. Then we defined Cap (F) by f %w(zr, 2) ds
IR,

—,———1———, where inf I(#) is the infinimum of Energy
inf I(p) #eCa

reCa
Integral of all positive canonical mass distributions of mass unity
on F' and we showed that there exists a canonical mass distribution

¢ on F such that I(/,c)zincf I(y), o(F,z2)= f N(z, p) du(p) and Cap (F')

=5ap (F).” For any set we define ,,Cap(A4) by sup Cap(F):F is
closed and CA. Now since ¢ is Borel measurable (with respect to
N-Martin’s topology), we have at once the following

Proposition. Let A be a Borel set. If ,,Cap(4,)=0, then
»Cap (3] 4,)=0.

Lemma a). For Fatow’s theorem. Let R be a basic surface with
positive boundary and with H.S. topology. Let w= f(z) be an analy-
tic function: zeR, weR., Let R be a covering surface with another
H.S. topology. Let F be a closed set in B of R and let G be one
domain of f - C(ry,p). If w(FNG,2)>0, then w(F NG,z G)>0,
where G is one of component of fYC(r,, p)) containing G:ry,>r,>0.

Proof. Put Bi=f-B,): anE[weE - dist(w, g)gl] and CB,

n
=R—B,. wFNGNB, 2+wFNGNCB,, 2)=w(F (G, 2. Hence if
lim w(FNGNCB,, 2)=0, w(FGN B, z)=li”m w(FNGN BL)>0. Case 1.
Iigl w(FNGNCB,,z)>0. In this case we can find compact circles
I'yand I'y in C(r,, p) such that I",DOI"; and dist (377, 01",)>0 and that

and aap (F) by

2) See 1).
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w(FNGNGy, 2)=U(2)>0 where G, is one component of f~*I",) con-
tained in G. Now U(z) is the least positive superharmonic function
in R such that U(2)=1 on F'(1G(G,. Hence U(z)=w(l";, w) on f~XI",).
By the compactness of oI, ?el?})’i w7y, w)<d<1 and Ug,(2) =<4 on

3G, and Uy, (2)<é in R, where G, is a component of f~*(/";) con-
taining G,. Hence by sup w(F' (NG Gy,2)=1 (by P.H.2) w(FNGN Gy, 2)
—Wee,(FNGN Gy, 2)>0, whence by Theorem 3 of S¥ w(FNGNGy,2,Gy)
>0 and w(FNG,z G)>0.

Case 2. li’r,n w(F(GNCB,, 2)=0. In this case w(F G B, 2)>0.
Let @ be one component of f(C(r,, p)) containing G. Then w (F (B, 2)
is the least positive superharmonic function in G’ such that
Weed FO B, 2)=w(F (B, 2) on ¢ {w(dC(r,, p),w)=1 on aC(r, p) and
FOG)C fY(aC(ry, p))}, hence wee(FN B, 2)<=w(0C(r,, p), w), in C(ry, )
and f(2i_.NG)C(Q¥.NC(r,p)), where Qi .=E[2¢R:w.(FNB,z)
>1—¢] and QY .=E[weR: w(dC(r,, p), w)>1—e]. Now the topology
on R is H.S. Hence w(2i_:NGNB,2)=w(@l:C(r,p)B,w)

=L 0o m(8C(rs, ), w)—>0 as e=0. By P.H.8 w(F( B (C0s, 2)=0

<€55=E[zeR rw(FNFB, z)gl—%}) , whence by w(FNGNB,62)>0
there exists a number ¢, such that w(FNB'NCZ%_.,NT.,2)>0 and
Co_.,NT,NR=*0 in which w(FNB' NG,z —wAFNBNG,?) g—s-z"_.

Hence w(FNB'NG,2)—w(FNB'NG,2)>0 and w(F (B NG,z G)>0.

Let R be a Riemann surface with null-boundary with H.S. topology
and let R be a convering surface with positive boundary. Map the
universal covering surface B* of R onto [£]|<1by z=2((). If w=rf(2({))
has angular limits a.e. on |[{|=1, we call f(z) a function of F-type. On
the other hand, the characteristic function 7'(z) of f(z) can be defined.
If T(z)<co, we call f(z) a function of bounded type. And the charac-
teristic T({) of f(2(C))<T(z). In this case f({) has angular limits
a.e. on [{|=1% (using original Fatou’s theorem). Suppose w=f(?)
is of F-type. Then mes Ez=0 by Riesz’s theorem, where E5 is the
set on |{|=1 on which f({) has angular limits contained in B. We
shall prove

Lemma a’). Let R be a Riemann surface with null-boundary
and let f(2) be a function of F-type. Let F be a closed set in B of R.
If w(FNG,2)>0, then w(F(G,z G)>0, where G is a component of

3) S means ‘‘Singular points of Riemann surfaces”, Journ. Faculty of Science,
Hokkaido Univ. (1962).

4) Z. Kuramochi: Dirichlet problem on Riemann surfaces. I, Proc. Japan Acad.,
30, 946-950 (1954).
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S HC(ry, p)) and G is one domain of f~'(C(r, p)) containing G:r,
>r,>0.

Proof. Let E be the set on |{|=1 on which w=f({) has angular
limits contained in C(r,, p) (closure of C(r;,p)). Then since f({) is
of F-type, 0<w(FNG,2)=w(BNf (C(ry,p)),2)=w(E,l), where w(F, )
is the harmonic measure of E with respect to |{|<1. Now w(#,{)=0
a.e. on CE, Let E, be the set on which a Green’s function G(z, p)
of R has angular limits=0. Then mes E,=2z. By 0<w(FG,?)
and since f({) is of F-type, we can find a positive number §, and a
set £’ in E(E, such that mes E'>4, w(F'G,z)>d, in G(3,, E’) and

dist (£(0), 0<r1,p>><—;—<r2~n> in G(3, B'), where

6

G, EN= U E[C:arg'

e B

Now w(F (NG, z, @)=w(F NG, z)—w(z), where w(z)=lim w,(?) and w,(z)

is a harmonic function in G R, such that w,(2)=w(F NG, 2)<1 on
G’ and =0 on oR,NG and w(FNG,z G) is HM. of F(G relative
to G'. Since the image of dG’ does not fall in G(5,, E’) by dist (f(0G),
C(ry, p))=7r,—r; and the image of dR, does not tend to E’ in G(5,, E’) by
inf G(z, p) >0, w,(?)<w() and w(z)<w({), where w({) is a harmonic

2e Ry

function in G(d,, E’) such that w({)=1 on 4G(6,, E)—E’ and =0 a.e.
on E’'. But w(FNG,2)>6, a.e. on E’, whence w(FG,z)—w()>d,
a.e. on E' and w(F'NG,z G)>0.

C;ew ‘<£-, 1>|CJ>1—50].



