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54. A Remark on Convexity Theorems for Fourier Series

By Kenji YANO
Department of Mathematics, Nara Women’s University, Nara
(Comm. by Z. SUETUNA, M.J.A., June 12, 1962)

In the previous paper [1], we have proved a number of con-
vexity theorems concerning Fourier series. In the present paper, we
shall improve some of them replacing either of the conditions by one-
sided one.

Let ¢(t) be an even function integrable in (0,r) in Lebesgue
sense, periodic of period 2z, and let
so(t)~%ao+ Sha, cos nt,
n=1
and

D=0, 0.l0)= i [ =l (>0

The (C, B) sum of the Fourier series of ¢(f) at t=0 is
AL+ 31AL 0, =3 A, (— o << o)
v=1 v=0

where s,=s5, Ai=1 and
4r = BHD(B+2) - - - (B+n) (n=1)
n ’[’[,! = .
In what follows we understand that t—0 means £>0 and t—0.
Now, Theorems 2,4,5, and 6 in the paper [1] can be improved
as follows.

THEOREM 2. Let 0=<b,0<8—b=Zyr—c and |c—b|<1. If ast—>0,
(1) [ 10w du=o(t)
0

and

[ ()| 0 (u)du=0(),

then we have

s=o(n?), q=b+(r—c)L=0,
r—c

as n—>oo, for c<r<y’, where
T’=inf<7”, (b‘|‘1)T“(‘8+1)C>.
r—c+b—8
COROLLARY 2.1". Let 0< <7y and 0<o<1. If (1) holds, and ¢(t)
:OL(t—a), then

sp=0(n"), a=po/(y—p+29).
THEOREM 4'. Let —1<p6,0=c¢ and 0<y+1—c=<p-+1-b,
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[by<(B+1)c—1)]. If as n—>oo,
(2) S8t [=o(n"*)
v=0
and
S|t — 2 =0(ne),
then we have
0,(t)=0(t?), q=b+(r—c)PTL=0
{y=o), a=b+(r—0TE=7
as t—0, for c<r<yr+1.
COROLLARY 4.1'. Let 0<d<1 and —(1—0)<y<pB. If (2) holds,
and a,=0,(n"1"%), then
D.(t)=0(t"), a=a(8+1)/(B—7+0).
THEOREM 5'. Let 0<b and 0<S—b=<r—c¢, [(b—1)r<c(f—1)].
If
(3) D((t)y=o(t") as t—0,
and
2n
> (|87 =87 =0(n") as n—>oo,
then we have
O,(t)=0(t%), q=c+(r—b>[§{—;j,

as t—0, for b<r<p.
COROLLARY 5. Let 0<d<1 and 6<B<y. If (8) holds, and a,
=0.,(n=""%), then
D.(t)=o0(t"), a=7d8/(r—pB+9).
THEOREM 6'. Let 0=c, 0<y—c<B—b and |b—c|<1, [¢(f+1)
<@+l If

(4) st=o0(n") as n—> oo,
and
(5) [ (00| —2)du=0(") as 1o,

then we have
o q - =
S"——O(”l’l; )7 q_c+(’r b)m’
as n—>oo, for b<r<p.
COROLLARY 6. Let 0<y<B and 0<o<1. If (4) holds, and ¢(t)
=0.(t?), then
sp=o0(n"), a=yo/(f—7r+0).
Proof of Theorem 6. Using the number 7y’ such as y"—c=8—b
the assumptions imply
¥’>0 and si=o0(n").
So, by a theorem of Izumi [2], i.e. Corollary 4.2 in [1], we have
Drpre(t)=0(t+1*¢), e>0. Consequently
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( 6 ) ¢c+k(t)=o(tb+k)
holds for every k>pB—b+1. On the other hand, the condition (5)
implies for 0<t<t,

[ 10001 ~0,apdus Ar+,

A being an absolute constant, and then

(7) D, (t+u)—0, ()= — A", 0<ust.

From (6) and (7) we have @,,,(¢)=0(t"*') by Theorem 8 in [1], and
so (b) yields

t
(8) [10.60) 1 du=0(".
'0
The result follows from (4) and (8). Cf. Theorem 6 and Lemmas 3 and
3 in [17.

The proofs of Theorems 2',4’, and 5’ are similar.
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