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Let M be a compact oriented differentiable manifold without
boundary which satisfies the following conditions :

(1) M is (n—1)-connected,

(2) dim M=2n+1, n=0 (mod 2).

Then the oriented cobordism class of M is determined by a Stiefel-
Whitney number W,-W, . ,[M], for other Stiefel-Whitney numbers
and all Pontryagin numbers vanish. In this paper we shall show
that the property of M to be cobordant to zero can be represented
by a property of H,(M, Z). In case n=2 this was done by Wall [1].

We shall prove the following

Theorem. W, W, ,[M]1=0<>H,(M,Z)=F®TDT

W, W, [ M]x0<>H,MZ)~FOTOTPZ,
where F' and T denote a free abelian group and a torsion group
respectively and Z, is the group of order 2, @ denotes the direct sum.

The proof will be given in several steps.

H, (M, Z) can be decomposed as follows :

ag _ ai(p) .
H(M, 2)=32[0]+ 2205 Z,[u57],
where p runs over all prime numbers, «;, 4’ denote generators. Since

we are interested in a,(p), it is sufficient for us to consider H*(M, Z,)
and H*"Y(M, Z)), i.e.

HYM, Z,)= 32, [u]+ 335 Z,{us]
HY" O, 2)= 32,000+ 55 Z, 03],
Now we consider a matrix A=(a, ) over Z, defined by
a, =up-vi*[M] for ao—l—gam(p)<s§ao+gam(p), a0+§;‘=11am(p)<t
gao—l-mz;am(p) where j,1,1,k are given by s=ao+gam(p)+l, t=a,
+:‘i_llam(p)+k, 1,521, and a,,=u’-v'[M] for 1<s, t<a,.

By Poincaré duality we have det Ax0. Let A% denote the higher
Bockstein operator. As we can take vi*=Ai(ui*) (¢=1), we obtain

Lemma 1. If p is odd, we have

(1) wub-v9=0

(2) ufiop'=0 (s<9)
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(8) wtoop'=—ug'-vf? (j50)
(4) u-opi=0;
thus A has the following form

A, 0
A= il I
* 0 | Ay | *
0

where A, A4,, A,--- are antisymmetric and have zero diagonal.

Since det A=det A,-det A,-det A,--- we have det A;,%0. Hence
the degree of A, must be even.

Lemma 2. If p is 2, we have

(1) ubii=0

(2) ubivy*=0 (i>s)

(3) utint'=0 (jx1)

(4) upvyi=0 (¢>1)

uyIvyd=Srvyd.

In this case A, A4,, A4,,--- are antisymmetric and have zero diagonal,
but A; has not always zero diagonal. However, if nx2, 4,8, S7 is
known to be decomposable, so that uy?-vy?=Srvy?=0, A, has zero
diagonal. Since A, is antisymmetric degree of A, is also even, there-
fore H (M, Z)=FDOT®T. On the other hand, in these case nx2,4, 8
the decomposability of S; and Wu's formula between Stiefel-Whitney
classes and squaring operations imply that M is cobordant to zero.
Now consider the case n=2,4,8. A computation of matrix using
Wu's formula shows W, -W,,,[M]=a,(2). Then it is easy to see the
conclusion of our theorem.
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