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§1. Introduction. The space which represents the state vectors
used in quantum field theory can be seen in [17], [2], and [3].

Haag, Garding, and Wightman have used the space L*(I"; m) con-
sisted of the square integrable functions on the set I' of the infinite
nonnegative integer’s sequence with the measure m [17, [2].

For discrete measure m, it is called discrete representation, and
for continuous measure m, continuous representation.

In quantum field theory, these two representations are used.

‘We can easily show the necessity of this continuous representation
using the model by Van Hove and O. Miyatake [4], [5], [6] which
is the scalar field with the interaction by the fixed point source.

Von Neumann has also constructed the infinite direct product
space to represent the state vectors which contain the spaces L*I"; m)
for any m [3].

Now we have proposed to use the new space A%[0, 1] to construct
the space representing the state vectors [7].

The elements in 4%[0, 1] are the sequences converging in 4%[0, 1]
topology. For the classification by the uniformly equivalence, the set
of these classes has the same extend as the Von Neumann’s space.
For the classification by the equivalence in 4% the set of these classes
contains discrete and continuous representations.

In this paper we select uniformly equivalent classes contained
in each A* equivalent class, construct the pre-Hilbert space L and
divide it in the direct sum of two representations. We can also use
it for the clarification of the relation between the discrete and con-
tinuous energy momentum levels.

§2. Some derived sequences from {¢p,} in the space A%[0,1].
Let L*[0,1] denote the set of all complex-valued, measurable and
square-integrable functions on the interval [0,1] with the Lebesgue
measure.

Let’s use the abbreviations

EifrE= [ [1ordds, Pirr@= [ [1rordds.

In the set L*[0,1], we introduce the topology i such that the
sequence {o,(t)}(¢.(t)e L*[0,1]) is convergent in the sense of this topo-
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logy, if and only if the following eight sequences of the functions:
{I*| R, (@)}, {12 R.p, (@)}, {I*| R_g, @), {£*| R_¢,[*(@)},
{1213, 0. (@)}, {I*] 3,0, @)}, {123 0. @)}, {123 0. %)}
which are derived from the original {¢,(¢)}, are uniformly convergent
on the interval [0,1] [7], where R,¢,(t) is the real positive part of
va(t) ete.

Let A%[0,1] denote the completed space of L*[0,17] in the topo-
logy 2. Let {¢,(t)} denote the convergent sequence of the functions
@.(t)e L*[0,1] in 2 topology. Let @=CL{p,(t)} denote a class of equi-
valent Cauchy sequences to {¢,(¢)} in the topology A. It is an element
of the space 4%[0,1] containing {¢,(t)}.

Hereafter, we treat the following four sequences {I?| R, ¢,|*(x)},
{I|R_o,F(@), {2 3.0. ()}, {I*]3_¢.[*(@)}, but we only discuss the
sequence {I%|R,¢,|*(x)} because we have the same results about to
the other sequences.

Lemma 1. (1) The function lim I*| R, ¢,|*(x) is right differen-
tiable and left differentiable everywhere in the interval [0,1].

(2) The functions D*lim I*|R,¢,|*(x) and D~ lim I*|R, ¢, | (x)
are positive increasing.

(3) D*limI*|R,p,|X(x)=D" lim I*| R, ¢, |X(x) for all values of x
iwn the interval [0,1].

(4) D limI%*| R,¢,| (x,) = D* lim I*| R, ¢, | () for any pair x,, x,
such that 02, <2,<1.

(6) DlmI*|R,¢,|%(x) is differentiable almost everywhere in the
interval [0,1], and is positive imcreasing.

Since lim I*(| R, ¢, |*(x)) is convex, Lemma 1 can be proved.

This lemma will be valid to define the discontinuous sum D(x;
R,¢p,) of the function D*(lim I*| R, ¢,|*(x)).

Definition 1. We denote by D(x; R, ¢,) the function whose value
for x 1is the sum of the leaps of the function D*(lim I?|R, e, |*(x))
in the interval [0, x2]. .

Definition 2. We denote by CI*|R,¢,|*, DI*|R,¢,|? the follow-
mng:

CP*|R.¢. = [ {D* lim I*| B, g, [X2)— D(@; R.¢,)} dz
0

DI*|R.p, "= f " D@ R.o,) dz.
0
§3. The construction of the space L. The space 4%[0, 1] is not
a topological linear space (III in [8]). In this paragraph we show
that it contains a linear manifold L.
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Lemma 2. The functions CI*|R,¢,|*, DI*|R,¢,|* do not depend

on the choice of the sequence {p,(t)} from the class ®=CL{p,(t)}. In
the other words, CI*|R,¢,|*=CI*|R .|, DI*|R,¢,|*=DI*|R v,|%

for any pair {o.(t)}), {¥.(@t)} of the same class @.

Proof. Since 1112 12[R+gon|2(x)=1.i_r£ I*|R.,|*(x) for any pair
{e.(0)}, {¥.()} in the same class @, it follows that D(w, R,¢,)=D(z,
R.,). So CI*|R.¢,|*’=CI*|R v, |* and DI*|R.¢,|*=DI*| R |

Definition 3. CI%|R,$[*=CI*|R,¢,|}, DI*|R,0*=DI*|R, ¢,

Definition 4. I*|R, @lz—hmIﬂR o, |%(2).

Definition 5. D(x; R,0)=D(x; R.¢,).

Lemma 3. (1) oo >{D*(I*|R,®},.,=D(1; R, 0)=0.

(2) d¥da?CI®| R, OX(2)=0 in almost everywhere and
v d2/da? CI*| R, P |X(x) is contained in the space L[0,17.

(8) djdx CI*|R,®|Xx) is a continuous function on the interval
[0,1] and is divided tnto the following two parts

d/de CI*| R, B 2(x) = f d*/do? CI*|R, Q)Iz(ac)dx-l—hmf AP, da,

where x;, 18 a pomt wn the set {x; D*d/dx CIZIR (DI (x)=+c0 or
D-d/dx CI?| R, ®|*(x)=+ o0}, A=0, lim A®=0 and 11mLA“”’<—|—oo

(4) D*{D(x; R (D)} ZCkB(ock) where 0 =2, =1 and C, are real
numbers such that ZCk<+oo

Proof. From the Definitions 1 and 2, we can see that the func-
tion d/dx CI*|R,®|*(x) is continuous. Then (1) is easily obtained.

Since the function d/dxz CI*|R,®|*(x) is monotone increasing and
continuous on the interval [0,1], its derivative d*dax?CI*|R,®x)
is defined almost everywhere in the interval [0,1]. The derivative
d*/dx* CI 2|R+5 |*(x) has the following three properties:

(a) d¥dx?CI*|R.®*x)>0.

(b) +oo>d/dx CI?[Rj]?(x)gf d?/da? CI*| R, O (x) dx = 0.

0
(¢) {d/dxCI*|R,D|(x)— f "d2/dx? CI*| R, & |(x) dz) is a monotone

increasing continuous functlon (a) and (b) prove the property (2).
Since the strictly increasing point of the function {d/dac CI*|R,
ﬁlz(w)—fx d?/dx? CI*| R, [*(x) dw} belongs to the set {x; D*d/dx CI*| R,
(1]

] |*(®)=+ o or D-d/dx CI?| R.© |*(x)=4 o}, the function is expressed
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in the form lim f S CM™o(x,)) dx, and the coefficients C™ satisfy the
conditions C”>>0 lim C{®=0 and 11mZC<”’<—I—oo This prove the
property (3). "_m ”_m

According to the Definitions 1, 5, D*{D(z; R+5)}=§101§5(%) and
+°°>[D*IZ{R+5P]1+0§§ Ci. This proves the property (4).

Now we can derive the following

Definition 6. D(x; R.®)=D(x; R,®)+d/dx CI*| R, & |*(x)—
- f " 3¥dat CI*| R, 8 |¥(x) d.

0

We construct the linear manifold L such that for any class @
of A°[0,1] there exists some element @ of L which is the subset of @.

Let us select a sequence {¢%} from @ for this purpose.
At the first step, let o,,.(x) be the following functions:
@)= { s =) for Dot
01/me(®—2,) for =0, 1,
where 0=<2<1, and p.(x) is the function defined by L. Schwartz.
At the second step we define the sequence {fD Rm(w)} of the
following functions:

1 s(@)= 2~/D<k/2m+0 R.®)— D((k—1)/2"—0; R ®){pxm, m12(@),

where D(w 0, R (D) 0 for < 0. Similarly we construct the sequences
F5rs@) (55,50}, and {fF3 @)

At the third step we define the sequence {f§%.7(x)} from the
following funections: f& %7 (x):*/ d¥/dz* CI*|R. . ®|Xx). Similarly we
define the sequences {f§%s(x)}, {fi.s@®)}, and {f&3 5(x)}. The
sequence  {fT%,# (&) — fT%5 (@) + if 5 (@) — if 85 (8) + 50 5 ()

— S @) if Sy 5 (@) — 157 (@)} is contained in @. We denote this
sequence by {¢%}. Let @ denote an uniformly equivalent class of {¢5} [7].

Definition 7. Let L denote the aggregate of all above ®.

Lemma 4. The sequences {pl} selected from the class de 210, 1]
have the following properties:

(1) ¢S ts decomposed im the following form:

o) = g,(2) — g(2) + ’iga(w) —1g,(%)
"I"'Zk( —C+1C (”>_'LCI§4)) vV Ox/2m, 4"+1o(x)
(n—l, 2.+, k=1,-..2"),
where g,(x), for 1=1,2,8,4 are non-negative Junctions in L*[0,1].
=0 and |11m2k<A2n(C PY|<+ oo for 1=1,2,8,4 and for all

A such that O<A< 1, and
(2) the carrier of the generalized function {lim >, CPVopn, i, 10(2)}
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is contained in the set {x;|g(x)|< + }° for i=1,2, 3,4 or an arbit-
rary countable point set.

Conversely, if the sequemce {¢} satisfies the conditions (1), (2),
then there exists a ®eA%[0,1] such that {¢t} is selected as the repre-
sentative of an element @cA%[0,1] obeying the above process.

Theorem 1. The space L is a linear manifold.

Proof. Suppose that the sequences {¢%}, {¢%) are selected from
@,, B,e 1°[0, 1]

Since the inequalities

| R (004 05) PS| R0+ R, 05 P 2{| R, 00 *+| R, 02|}
| R, (a0d) P<|al?| R.¢%|* ete. hold, and the sequences {¢3,+¢%} and
{apl} have the properties (1) and (2) in Lemma 4, there exist the
classes in A*[0,1] which contain the sequences {¢% +¢%}, {aph}.

So L is a linear manifold.

Definition 8. A set M in the space A*[0, 1] is called the mother
set in A*0,17], if

(i) any element @ in M contains an above sequence {¢b}.

(ii) any above sequence {¢)} is contained in an element @cM.

The correspondence between the space M and the space L is one-
to-one. But the following example show that the correspondence
between the space M and the space 4*[0,1] is not one-to-one.

Example. Let the sequences {p°}, {¢P} consist of the following
Junctions’ elements:

P —
o =1§1 v Or/om, 4"+1o(x)/*/2n

oan R 2mn .
5051@ Z;;IV 2Pk/2", 4ny 10(95) / 4/2n "E ‘/Pk/zﬂ —1/97+1, 4"+m(95) /N/zn .

In the space A*[0,1], {pP}x{e®} but in the space L {oP}={p}.
§4. Unified Representation. Since for any pair of sequences
{ea@®}, (W)} in @eL and {p(t)}, {¥n(t)} in QreL
lim <gn(), ¢ns(6)) =1im (@hu(t), ¥uult)y
2«,1.1,111 {Proa(t), ?gz(t»:y_{g P, Yroal?)) -
We can define the inner product between the element @, and @, in
L by (@, @) ={{em(?), {¢3z(t)}>=ji{g (P(t), pna(t)). We denote £ the
space L with this inner product.
Let S denote the set constructed from the sequences
{%(CI?;)_ 2 +ACH — 1CEPWormm, enpro())
with the properties (1) and (2) in Lemma 4.
Let Y denote the set S with the topology introduced from 2.

From the one-to-one correspondence between the convergent
sequences {k/2"} (m=1,2,--.,k=1,2,---,2™) and the points in the
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interval [0,1], we obtain the following

Lemma 5. The pre-Hilbert space 3 contains a mnon-separable
Hilbert space such that its bases are Vo(x) (0<x=<1) as a component
of orthogonal direct sum. (It contains a discrete respresentation.)

Now we see the following

Theorem 2. R is the direct sum of the two spaces

L=L40,1]® 2.

Proof. Using the Schwartz inequality, the orthogonal relation
<{f0, R+?‘~(w)_f0, ri(2)+ ifc, :}+W~(x)—":fc, 7@}, {5 re@)— S5 r5)
+1f5, 4.5(®)— 45, 5.5(x)}) =0 holds for all ¥ and @ in L.

From Lemma 4 {fo,z#@)—fc,r#®)+ ife, 3.5(®)— 0, 457(x)} con-
struct the space L*[0, 1].

Here L*[0,1] correspond to a continuous representation.

Hence € is decomposed in the following form: €=L*[0,1]p Y and
2 has the properties in Lemma 5.

(This article is dedicated to professor Kunugi on the occasion of his 60th birthday.)
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