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(Comm. by Kinjir6 KUNUGI, M.J.A., Nov. 12, 1964)

1. Introduction. In this note we are concerned with the Dirac
operator arising in the relativistic quantum theory. Our purpose is
to show the unitary equivalence between the free Dirac operator and
the continuous part of the perturbed operator under certain condi-
tions on the perturbation. The similar problems concerned with the
Schroedinger operator have been studied by several authors. Among
them the work of Friedrichs [8] is of interest from the viewpoint
of time independent construction of the wave operator. Recently
this so-called stationary method was developed by Faddief [2]. The
method used here is essentially the same to that of Faddief.”

2. Operators in the momentum space. Let 4 be the set of
four-component vector-valued functions f(£)=(f1(€),-- -, fi(€)) defined
on E, such that f,(&)e L¥(E,) (k=1,2,38,4). 4 forms a Hilbert space
with respect to the inner product

roy= [ @) 9@= [ A7

The free Dirac operator is given, as a multiplicative operator in
I, by

@1)  Lif=L@fO={3A6+4} 7O, ¢=E 8 2)eE,

where A, (k=1,2,3,4) are constant matrices which satisfy the rela-
tions A; A+ A, A;=20,,1. It turns out that L, is a self-adjoint opera-
tor with the domain D={fecd; 1+ |&|)f(&)e L (E,), k=1,2,38,4}.
Moreover L, has no eigen-value and the continuous spectrum consists
of all real 2 such that |1]|>1.

Let V be an integral operator

(2.2) Vf= f V(§—n)f (7)d.

Throughout what follows we assume the matrix-valued function
V(&)=[v,;(6)], x-1,2,5,+ satisfies the following conditions.

(C1) @)=, (=8  |vu(€)| <const (1+[&])*;
|0,(8) — v, (E+R) | < const (14 |£]) 72|,

1) Our problems are reduced to that of singular integrals with respect to the func-
tions with Hoelder-continuity.
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where ¢,>0, ro>% are constants independent of & and & (|k|<1).

(C.2) The Fourier transform f}(x) of V(¢) is hermitian and ¥ k(x)
cCY(E,); there exists a positive constant R such that vu(x)=
=0(x)=0(x) and for jxk 9,,(x)=0, when |2|>R; |'v(x)l+E
<const [x|727*, &>0.

We introduce the perturbed Dirac operator L by setting
(2.3) L=L,+V.

Under the assumption (C.2), L has the following properties:

L is a self-adjoint operator with the domain 9. On the real
segment [—1,17], there appears only a finite number of eigen-values
of finite multiplicity. All real 2 such that |A|>1 are the points of
the continuous spectrum.”

In the following we denote by E\(1), E(4), and R(2), R(z) (Im 220)
the respective resolutions of the identity and resolvents of L, and L.

3. Projective operators associated with the free Dirac operator.

Let 9,, (6,7>0) be the set of all fed( which satisfy the following
estimate:
4

171k, = 50 L+ 11 S A1+ 1517 L= Ale+ )|} <+ oo.
If we note
(8.1) By(2)f =([£P+1—=2")"YL(&)+2I}f (),  fed,
then we can prove easily

Lemma 3.1. Let f,g¢9;,,, <s>0, r>%>, then <(EA)f, 9) 18

continuously differentiable for |1|=1 and

d _
62 B 0=gl ] 181 [+ anse-sea]

f)(ac) I

§i2+1= 23
where f df. means the integration over the unit sphere.

2
Now we define the projective operators P,(¢) (a=p, n) by P,(x)
- f "dE), P(r)= f " dE(2). Tt follows, from the above lemma, that
1

(33)  P)f= @é§1+qf@,wmnm<w

=0, when [¢]>VP—1,

2) For their purpose we use the operator in the energy space which is given, as
the Fourier transform of (2.8), by

A /\~ A A A /\_ 3 l—a‘ A A A

Liztof+Vi={ 3 dvy 5o+ ad i+ V@S, o
They follow easily from the results of Birman [1] and Kato [4]. Note that LoL.f
=(—4+Df.



No. 9] Perturbation of Continuous Spectrum of Dirac Operator 709

) =L [ = Lo(€) <VE-T
(3.4) Pn(/)f—z{ Wl—+l}f(é), when [¢|<VZi—1
=0, when |¢|>vpi—1.

These formulas hold for all fed. We denote the rights by P.(&, 1) £ (&).
4. Some lemmas. Let T'(z) be the operator satisfying the re-
lation T(2)Ry(2)=VR(z). In this section we give some lemmas con-
nected with the operator 7T'(z). We remark firstly that with the aid
of T(2), R(z) can be expressed in the form:
(4.1) E(2)=Ry(2)— Ry(2) T (2) By(2).
T'(z) turns out to be an integral operator, and the kernel T'(¢,7: z)
=[t;.(5,7:2)], x-1,2,54 is obtained from the integral equation

42) TG na)=VE—n)— f VE=OL(O+2ITE 9:2) 4

€2 4+1—22
To solve this equation, we follow the similar way to that of Faddief
[2].

Lemma 4.1. Let I be the complex plane with slits along the
real line such that |A|=1. If zell is mot the point of eigen-value of
L, then the equation (4.2) ts solved wuniquely, and for arbitrary posi-
tive mumber p, if 1<|Rez|<p, then each component of the solution
T(¢, 7: 2) satisfies the tnequalities

1°) £, 7: D) <CR)(A+|E—7]) ",

20) ltjlc(ér W: z)_tjk(‘f‘{‘ hy 7]+h,: z"l’ A)'

<C(e)A+Ig—D~*{|h[+|R"T+]41},

where 0<e<g, —;—<r<ro, and C(p) ts a constant depending on p.

Now we recall the set 9);,. Since ||-||;, defines a norm on 9,,,
it is regarded to be a Banach space with respect to this norm. We
denote this by H;,. Note that ||f||;,<C||f||», when 6<¢, and

(4.3) NNl ar=AVTFs FO<C| fllsepmm /9>—;«.

Let us consider the operator K*(1416)=T(2+10)Ry(2+16) (4, 6:
real). Using the inequalities of the above lemma, we can verify
that when [2|<p, K*(2+416) is uniformly bounded for ¢ in M,,., and
satisfies
(4.4) [[K*(2+10)f —K*(2+10") flese,, SCO fllzse, /0= ']

Hence we have

Lemma 4.2. As 0—>=x0, K*(2+16)f converges in M,.,.,.
Moreover, if we denote the limits by K‘***(2)f, then by (4.3) we have

Lemma 4.3. As §—>=x=0, K*(2+16)f converges to K®*(QQ)f in .

If we note that these convergences are locally uniform for 2,
then we get immediately the following:

Lemma 4.4. Let H*(u)f =[P, ()K= *()f1E):i- vigezs, and let
H® (1) be the adjoint operators of HS®*(y), then when feDy,,
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(45) H*(i)f=Lim. P&, #)x

% f T(&, 7: V&P + 1= 30){Lo(n) + (VIEFF1246)I 1 (1) dy
[n*+1— (e 4 1= 40)? ’
and when f e.‘Do(#) {f eH; F&)eC(I€8|<p—1) k=1,2,38, 4]},
(4.6) HF(p)f =Lim.

f L&)+ (IF+1FO)LTE, 7 A T 1Fi60)P (1, 10S () g,
). EF+ 1— W+ 1740

The similarly defined operators HS**(u) and HS¥(u) satisfy the same
expressions.

5. Expansion theorem. Firstly we show the absolute continuity
of E(2), namely

Lemma 5.1. When f,9¢9D,..,, <EQ)f, 9> is continuously differ-
entiable for |2|=1 and,

d —_ [€F 3
61 FXED L0 =] | [+ II-E S @76

. {I—— K( X (2)}g($)dge][5(z+1=ﬂ.

Proof. Taking into account of the second resolvent equation

and the equality (4.1), we get
R(2+10)— R(A—1t0)={I— Ry(A=10) T(A==10)} X
X{Ry(2+10) — Ry(A—10){T— T(2AF10)R(1F16)}.

Therefore by virtue of Lemma 4.2, the relation

{R(A+1i0)—R(2—10)}f, 9> =

={{Ry(2+10) — Ry(A—i6){I— K= *(D)}f, {I—-K**()}g)+0(6)

holds for f,ge¢9D;..,. Lemma 3.1. leads it to (5.1).

Let Q,(x)= f "dE(7) and Q,(x)= f T dE(2). Then from the above
1 -

lemma, we get

(5.2) Q1) f, 90 ={{Pur) —H*()} f, {Pu(p)—HP*(1)}g).

Here we introduce the operators W ¥*(u) by setting

(5.8) WEX() =P ) —H*(p), a=p,n

From (5.2) we see that W ®*(¢) are bounded operators. Hence they
are extended all over 4. Moreover the strong limits W*
=g-limWi**(u) exist and are also bounded.

o

Let f{¥=W®*f, let 1, and ¢®(¢) (v=1,2,---, N) be the corre-
sponding eigen-values and eigen-vectors of L, and let f*’={Jf, ¢*>.
Then we have the following diagonal representation of L.

Theorem 5.1. When fe4 and ged,

G4 LLD=2 4T+ f VEPFLA52) -5 @)ds -
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— [VEFFLA500) P @)ds.

6. Unitary equivalence. Let W*(y¢) be the adjoint operators
of W **(y). They are also bounded operators, and are given, if we
restrict the domain to Dy(y), by
(6.1) W () =P () —HF (1), a=p,n.

W (p) converge weakly as pg— oo, because W*(¢) have the strong
limits. Let W®=w-limW*(¢). Now we are ready to prove

p—00

Theorem 6.1. W are partially isometric operators from
P () H onto Q.(0)H, and satisfy the following relations:
(6.2) LW®E=W®*L, a=p,n.

For this it is sufficient to prove

Lemma 6.1. For arbitrarily given constant p>1,

1°) W ()W ()=Qu(p), 2°) W)W (p)=Pun), a=p,n.

Proof. 1°) is obvious from (5.2). For 2°), we only show when
a=p. We can restrict the domains of W**(¢) and W*(z) to D,..,,
and 9,(¢) respectively. Then the following relations hold.

W () W= () =P (1) — { Pp() Hi* (1) + HE* (1) P (1)}
+HF=* () Hg*(pe).

By virtue of Lemma 4.4, H{®*(¢)H{*(¢) are obtained as the weak

limits of the integral operators with the kernels

D e G)= T(§, & VIEP+ 1= i0){Lo(Q) + (VEP+ 1= i9)])
T 1 O=PLE m{, P+ 1= (P + 140y %
{L@Q)+ (I + 10} T, 7: NP+ 15146)
) 1=+ T iy WP 9.

If we note the equality
T(2,) — T(25)+ (2, —22) T(21) Bo(21) Bo(22) T(22) =0, 2y, 2,€11,

we get
(e, 1,0y Dol (T, 7: VIEF+1i6)— T, 72 VP FTFi0)}Poln, 1)
—VEF+1+4Inf +1F2i0
On the other hand, since the relations
{Lo)+ (IEF+1=90) I} P (7, )= WIEF+14++n|*+1x4960)P,(n, 1),
P (&, b L&) + WP+ 17i0) I} = WP+ 1+ 0P+ 1F90) P, (€, 1)
hold, it turns out that P, (x)H{®(x)+Hi®*(#)P,(r) are the strong
limits of the integral operators with the kernels
(e e . o) Lol INTE, 7 EPH130)— T(E, 7 [P+ 1F16)) Py (, 12)
J3E(E, 72 1, 6) / .
— P+ 147+ 150

Therefore
CHE () HE(1) £, 99— (P () HS () + HS* () P (1) £, 9y =

=lim f 9(8)- f (T, 72 1, 0)—THNE, 72 12, O)}f ())dndE =0,
By Es
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when fe9,(r) and ged. This proves 2°).

Final remark. Put S,=W*W{, and S=S,®S,, then S is
shown to be a unitary operator. If we make forward the discussion
carefully, S will be shown to have the properties of the so-called S-
matrix.

The author wishes to express his sincere gratitude to Prof. S.
Mizohata for his kind instruction.
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