816 [Vol. 41,

179. On Branching Markov Processes

By Nobuyuki IKEDA, Masao NAGASAWA, and Shinzo WATANABE
Osaka University, Tokyo Institute of Technology, and Kyoto University
(Comm. by Kinjiré6 KUNUGI, M.J.A., Nov. 12, 1965)

In this paper we give a definition of branching Markov processes
in terms of a property of the semi-group of Markov processes and
describe several equivalent formulations. Our definition is a generali-
zation of Kolmogoroff and Dmitriev’s one [2] and would clarify
the situation discussed in Skorohod [4] (ef. [3]). This equivalence
plays an important role in studies of branching Markov processes.

1. Definition of branching Markov processes. Let S be a
compact Hausdorff space satisfying the axiom of the second counta-
bility, therefore it is metrizable. We denote the metric of S by p..
Let us denote by S the n-fold produect of S with product topology and
the symmetrization of S by S», i.e. S* is the quotient space S™/R
of S™ Dby the equivalence relation R of permutation with quotient
topology, therefore S” is also metrizable. We denote the metric of S”
by p.. Moreover, S°={0}, where 0 is an extra point. This procedure
is due to Moyal [3].

Let v be the natural mapping from CJ S™ to
n=0

o

S*,  We introduce
=0

n

a metric o in CJ S* defined by the formula
n=0

2 Lroumy) VT
|n—m|, if xeS* yeS™ and n*m.

(1.1) o, y)={

‘We denote the one-point compactification of G S* by S= G S* U {4}.
n=0 n=0

In the following, B(S) (resp. B(S)) is the space of bounded and
Borel measurable functions on S (resp. S) and B*(S) is the subset
of B(S) formed by functions f with || f||<1. We define a mapping
~ from fe B*(S) to fe B(S) by

1, if x=0,
(1.2) f(x)={f(x1)f(wz) oo fl®,), if xe S and x3 (2, @,, -+, T,),
0, if x=4.

Definition 1.1. A strong Markov process X={x,(w), {, N,, P.}"
on S is said to be a branching Markov process if its semi-group
{T,; t=0} satisfies

1) Cf. e.g. [1]. We always assume that paths are right continuous and have
left limits, and (=0,
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" T
(1.3) T.f=(T.f|s), for any fe B*(S).»?®

We now introduce several notations:

E(w)=mn, if z(w)e S".

es(w)=inf {; x,(w)=4}, (inf g=co).

ex(w)=inf {t; x,(w)=0a}, (inf g=1o0),

t(w)=inf {t; &(w)#E(w)}, (inf g=co).

T(w)=0, 7,(w)=7(w), and 7, (w)=7,_(w)+0., _(w) (n=2).
Then &,, e,, ¢,, and 7 are able to be interpreted as, and will be called,
the number of particles, explosion time, the extinction time and the
first branching time of the process, respectively.

2. Fuandamental properties of branching Markov processes,

We shall study detailed structures of the branching Markov
processes defined in the previous section., In this section X=
{x,, ¢, N,, P,} is a strong Markov process on S and not assumed
apriori to be a branching Markov process.

Lemma 2.1, If X is a branching Markov process, then it satisfies

Condition (c.1): For any xe S,
(i) P,[x,—0 for any t=s if x,—0]=1, and
(i) P.[x,=4 for any t=s if x,=4]=1.
And if X has the quasi-left continuity, it satisfies
(.2) Px[lim =6y, lim 7, < oo]:Px[lim < oo].

n—ro0 n—o0 n—roo

We now prepare some notations. First we shall extend the
natural mapping v as follows:
Let x, x;, +++,x,€8. Then there happens just one of the
following three cases:
1) x;=4 for some ¢,
2) x;=0 for every %,
38) All x; are different from 4 and there is some x; different from o.
We shall define
4, if 1°) holds,
@.1) Y(x, Xy - v, Xy)= a, if 2°) holds,
Y(@osy Tooy v, Lingy ** % Loty Lonay **°y Ly )y
if 3°) holds,
where we take (€, T2y **+, ¥10) € X1, *+ , (X sy Tnsy * * 5 Ln,,) € X €XCEPL
such j as x;=0. Then v defines a mapping from U1 S™ to S, where

S™ is the n-fold product of S.
Remark. In the simplest case where S consists of a single point
we can identify S* with n and 4 with + c, and the above mapping

2) For feB(S), f|s denotes the restriction of f on S.
3) We need to modify the present definition slightly to include wider class
of branching processes in our discussion.
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v is given by
V(Wgy Moy =+ 0y Np) =N+ Ryt oo e 10y,

Let W Dbe the fundamental space of X on which P, is defined.
We are now going to define a mapping ¢ by which we W= 61 W imty
corresponds to a path Z,(w0)=(¢w)(t) on S: for (w? ---, w”);we w,
2.2)  Z(w)=(sw)t)=7[2(w"), (W), -+ -, x(w")], for all ¢=0.

Let N, (resp. N) be the o-field on W generated by we('w) (s=t)
(resp. s>0) and define a system of probablhty measures P, xe S on
(W, N) by putting: for xe S*, (%, &, - - )ex

= P, XxP, x -+ xP,(A), 1f AeN and ACc W™,
@3) PA)= {0, if AeN and ACc W™ (n=-m),
and for x=0 or 4,
PoA)= {Px(A), if Ae N and ACW,
0, if Ae N and Ac W™ (m=1).

Proposition 2.1. The value P,[A] is independent of representa-
tives (a,, @y, +++, 2,)€x for Ac N and so it is well defined.

Definition 2.1, A process X={z,,{, N, P,} is said to have
property B. I, if it has the following

PROPERTY B. I. The processes {#, ¢, N;, P,} and {z,, ¢, N,, P,}
are equivalent.

We need additional preparations before stating property B. II.
Let us introduce the following notations;

wron_ JT(w), if x(w)e S*,
2.4) T"(w)”{o, if a,(w)e Sm.

x(qp) — d Tw), I E<T(w),
(2.5) o (w)—{x,;(w), if t=7i(w).

Then we denote the stopped process® of X at ¢} by

(2'6) an{x;“, 7;1(9 Nty Px}y (xe S)'
Let us suppose that
(2.7) YO ={y®, o, NP, PP} (=12, -+, m)

are equivalent processes with X,. We denote the fundamental space
of Y™ by 2, and its element by w™®, and introduce the following
quantities;

(2.8) QM=0, XX +++ X2,
(2.9) 7(0) =y (w?), g2 (W), -, y:"(w™)),
for w=(w®, w®, «-+, w™)e X",
(2.10) o*(w)=min {"(w™), T®(w®), « -+, T (w™)}.
s G (W), if t<T*(®),
@.11) v <w>={§if<w)>, if t> 2"5(173).
(2.12) yi () ="y (W).

4) WW=Wx-..-xW.
5) Cf. e.g. [1]. Where 27: is the stopped point.
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(2.13) Yx={yt, v, NP X o+ X N, P.=P{Px +-. x P{M},
for (x, @, +--, 2,) € x, x€S".
We extend Y for x¢ S* so as
P.[y¥(w)=yi(w), for any ¢=0]=1.

Proposition 2,2. The process Y} given by (2.13) is well-defined
as a process on S.

Definition 2.2. A process X is said to have property B. II, if
it has the following

ProPERTY B. II. The processes X, and Y,* defined in (2.6) and
(2.13) are equivalent for any n=1,2, ---.

Definition 2.3. A process X is said to have property B. III, if
it has the following

PropeERTY B. III. For any fe B*(S) and xe¢ S*,

(i) B[ fw); t<e]=]] B, [F();t<<], and
() E[f@);ced)=3 B,[f@);ced]]] B,[f@);t<],

hold, where (x,, ®,, -+, 2%,)ex and #=2,3, ---..

We now state fundamental

Theorem 1. Let X be a strong Markov process on S subject
to a condition
(e.3) P.[t(w)=s]=0, for any s=0 and xec S.
Consider the following statements:
(i) X 4s a branching Markov process;
(ii) X has the property B. I and satisfies (c.1)
(iii) X has the property B. II and satisfies (c.1)
(iv) X has the property B. III and satisfies (c.1).
Then (i) and (ii) are mutuelly equivalent, (ii) implies (iii) and (iii)
implies (iv), and if X satisfies (c.2) then (iv) tmplies (i).

3. Lemmas. Proofs that (ii)=(iii)=(iv) are rather straight-
forward. The proof that (i)=>(ii) needs the following

Lemma 3.1. Let X be a branching Markov process. Take xe S
(m=1, 2, «++); my, My, +++, Mmy=0,1, 2, vo0: 058, <t,<---<t,; and
.flnyy "'yfqe/\B*(‘/S\)(q:l’ 23\3’ ”')' Then
(3.1) Ex[fl(xtl)fZ(xtz) te fq(xtq); gtIZmly E,=My, -, étq:mq]

=33+ S B LA@ (@) - - o) €,=0, « -+, &, =pl0

(1) () k=1
where (x;, @ ---,2,)ex and > denotes the sum over all the
choices of (p{?, p{?, =+, p") sut(fj)ect to pi'+pi+ - +pY¥ =m; and
D, i, oo, P 20,
The assertion that (iv) implies (i) is verified by several steps of
lemmas as follows.
Lemma 3.2. Let X have the property B. III. Then
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(3.2)  EJ[fw.);redt E=m]
=3} B, [fw); v eds, &.=m—@—1)] [] E,[f@); 1<7],

where fe B*(S), m=n—1, m#mn, and (x,, ®,, *--, %,) € X, x € S",

Lemma 3.3. Let X satisfy the property B. III. Let wu,(¢, x)
(k=1,2, ---, m) be bounded and measurable functions on [0, «)x S,
Then, for (z,, ®,, «--, %,) € x, x€S"

Ex[z T1 iz, 29); £.=m, T € dt]

I j=1

3.3) =2 2w Exk[zm"’;fi“u,,(q,.xr,xw;s,:m_n+1,
n =1

k=1 (q1,+--, Im—n+1 [
TE dt X H Ez [uﬁ(é\ )(ty xt); t<T:|y
i#e ) I

where (zM(w), < -, zi™(w)) € ac,(w), E“’” denotes the sum over
qm—n+1)

all the choices (q;, * >+, ¢p_ns.) from (1 2, «o0,m), > denotes the sum
I
over all the permutations of (q;, ***, @u_ns), and >* denotes the

sum over all the permutations of (§,, ***, §,_1) Whichﬂis the remainder
of (1y 2’ 0y m) eXCluding (qu °0 qm—n—H)-
Lemma 3.4, Take fe B*(S). Then
S 'S B, [f@); St <y, T ds]

Pyttt Py =D

(3.4) X H ij[f(xt)’ Tp,_t<fpj+19 s<7]
= P H ij[f(xt)’ Toy= t<7—-p3+1:|

Pyt +py=p+1 j=1
Dysecs Py 20

Lemma 3.5, Let X satisfy the property B. III. Let fe B*(S)
and (®, @y ++,2,)€x, x€S". Then for any p=0

(35 ELf@)nst<cul= 3 B Le);,Si<m0,00.

cebpy=p J=1
p] ..... Py 20
Note that we have for fe B*(S), if X satisfies (c.1) and (c.2),
(3.6) T, f(x)= ZEx[f(xt), TpSt<Tpii],
@0 1 Tfe)=3 3] 11, B, [ f@); 73,2 <75,0.]

oo

=1 S B LF@); 7, St <0,
Pp=0 Py+eeo+Dy,=p j=1
Dyscees Pp20
Then by virtue of above lemmas we have, if X has property B. III,

(e.1) and (c.2),
T.J@=]1 T.f@), @+, w)ex, xc S,

i.e. X is a branching Markov process.
In the proofs of above lemmas the next combinatorial lemma is
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useful.
Lemma 3.6. Let {a;;} be a double sequence. Then

68  Slan=[(Ta)- 3 1(Sa,)

(kgre k) =1 \g=1

+. 3 [(Ea)—co-Slia,

(yyeemlop—g) i=1 \gq=1
where {II(j)} denotes a permutation of {j}, > denotes the sum over
17

all permutations and 37 (r=m—1) denote the sums over all the
(kqyeeerky)

choices for (ki k., *++, k,) from (1,2, «--, m).»

References

[1] Dynkin, E. B.: Markov Processes, Springer (1965).

[2] Kolmogoroff, A., and N. A. Dmitriev: Branching stochastic processes.
Doklady Acad. Nauk U.S.S.R., 56, 5-8 (1947).

[3] Moyal, J. E.: The general theory of stochastic population processes. Acta
Math., 108, 1-31 (1962).

(4] Skorohod, A. V.: Branching diffusion processes. Theory of Prob. Appl., 9,
492-497 (1964).

[5] Ryser, H. J.: Combinatorial Mathematics. Wiley (1963).

6) Cf. e.g. [5].



