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166. Notes on Ergodicity and Mixing Property

By NaAoHIRO OISHI
Department of Mathematics, Tokai University, Hiratsuka, Japan
(Comm. by Kinjir6 KUNUGI, M.J.A., Nov. 12, 1965)

1. In this note we will give the conditions for the validity of
ergodicity, mixing property and weakly mixing property in terms of
entropy.

Let (X, Sx) be a measurable space where Sy is a o-field in X,
and let v and g be two probability measures on S;. The entropy
rate H,(v) of v with respect to p is defined by

_ dy
H/J-('Y)"“Sx log *J';;d'Y
if ~ is absolutely continuous with respect to g, and otherwise
H,(v)=+ o, where g—; is a Radon-Nikodym density function of v
with respect to p.*

Proposition 1. Let ¢ and v, (0<¢< + o) be probability measures
on Sx. Suppose that v,<cy on Sy for any ¢, where ¢ is a constant>1.
Then

lim v(E )= (&)
uniformly for EFe Sy if, and only if,
lim H,(v,)=0.
t—o0

Proof. Note that % are uniformly bounded and that the “only

dr

if” assertion is equivalent to that converges to 1 in the L,-mean

(with respect to p).

Now we prove the “only if” part. Since %7—‘ converges to 1 in
7

probability and
|xlogx|<|e—1 1—!—%(90——1)2

for any x>0, so % log‘é—:: converges to 0 in probability. There-
fore, since d, log 7, are uniformly bounded,
dp dp

*) Cf. Prinsker, M. S., Information and information stability of random
variables and processes, English edition, translated by A. Feinstein (1964).



768 N. OisHI [Vol. 41,

. dv,
lim SX dn log

t—oo

dv,

ap

We prove next the “if” part. Since
x log x>(m—-1)—|——21? (x—1)

dp=0.

for any « with 0<<z<e,

S e L1 e

Hence A, converges to 1 in the L,-mean and so does in the L;-mean.

2. Let (X(0),Ss,) be a measurable space, and (X, S;z)=
Q(X(t)’ Sxw), where (X(t), Sz))=(X(0), Sx(y) for any ¢>0. Given a
probability measure ¢ on Sy, we call y={y,, t>0} a semi-flow on
(X, Sy, p) if 4, is an endomorphism on (X, Sy, #) for each ¢, and 4
a semi-group. We will consider only measurable semi-flows, and
so the word “measurable” will be omitted in the sequel. For each
t, we define a probability measure ¥, on S;®S; by

m(E®F>=%SZu<«;»;IEn Fyds

for any E, Fe Syx. Let @ be the class of all finite Sy-partitions of

X. For each 0€6, let y, be the restriction of p into the o-field

generated by 6 and, for each pair 6, 6’ €0, 7% the restriction of 7,

into the o-field S(@, ¢') generated by the class {EQF: Ecf, Feb'}.
A semi-flow + is called ergodic if

lim S Wy EN Fyds=(E)pu(F)

for any E, Fe S,. Now, we introduce following quantities: for each
pair 0,60’ e 6 and each ¢,

T ’ 'Yt(E®F)
I,(a,e)_ 2 7t(E®F)1og———(E) D)

H(0, 0=~ E T(EQF)log T(EQF) ,
E€Q,Feo’
and
H(O, 0)=— > (E) log t(E)— > ((F) log p(F) .
Proposition 2. Let + be a semi-flow. Then the following
three assertions are mutually equivalent:
(1) « is ergodic.
(2) lgg I,(6,60")=0 for any pair 6,60’ € 0.
(3) %im H,0,6")=H(9, 6" for any pair 0,6 €6,
Proof. ”(1)<=(2) The semi-flow is ergodic if, and only if,
lim 794 (M)=pte® pto (M)



No. 9] Ergodicity and Mixing Property 769

for any Me S(6,6') and any pair 6,6'€ 6. This convergence is
uniform for Me S(4, 6'), and
d’Y—?’e’ < max ——
Aa®fto ~ fss, MUF) *
It(0: 0’)=Huo®/£91(7§’0’)
and so, by Prop. 1, (1) and (2) are mutually equivalent.
(2)«=(3): This mutual implication holds trivially, since
I,(0,0)=—H,0,0")+H(@,?0)
for any 6,6’ and ¢.
A semi-flow 4 is called mixing if
lim gy ENF) = p(E)(F)
for any E, Fe S;. We define a probability measure v, on S:®Syx
for each ¢ by
Y EQF)=uyi ENF)
for any E, Fe Sy, and let 7! ¢ be the restriction of v, into S(4, 9").
We introduce moreover following quantities: for each pair ¢, 8’ and
each ¢,

" T(EQF)
I, 6h= E 'Yt(E®F)log Y pF)

and
H6,0)=— >  (EQF)log W(EQF) .
Proposition 3. Let + be a semi-flow. Then the following
three assertions are mutually equivalent:
(1) + is mixing.
(2) limI,(0,6")=0 for any pair 0,0 € 0.
t—oo

(8) lim H,(6,6")=H(0, 6') for any pair 0,6 €6,
t—o0 —_
_ Proof. The proof of Prop. 2 remains valid if therein ¥,, I,, and

H, are replaced by 7., I,, and H,, respectively.
A semi-flow + is called weakly mizing if

tim L' (s BN ) — e s =0

for each E, Fe S,.

Proposition 4. Let + be a semi-flow. Then the following
three assertions are mutually equivalent:

(1) «is Weakly mixing.

(2) lim - S 1,00, 0")ds =0 for any 0,0’ ¢ 6.

(3) lim 1 S H.(0, 0"ds=H(8, 8') for any 0,0 ¢ 6.

t—o0

Proof. (1)=(2): For any 6,6 and ¢,
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—]:c— EG9EFGO’ (E:)l (F")
P A

1

S‘ 1,00, 6")ds
t Jo

(3| v BN )~ B uyas)
<

1
< 1
Eeo,EFeo' p(EYp(F)

(B pu(F )70

(4| v B )= By s)

where ¢= r;lea;},{ W(F) .

W(F)7#0
(2)=(3): This mutual implication is trivial, since

% St 1,06, 6')ds=— %. S”H,(a, 0" ds+ H(0, 6") .
0 0

Therefore (1) and (2) are equivalent.

Finally I have to express my cordial thanks to Professor S.
Tsurumi who gave me valuable advices and remarks.



