No. 6] 555

125. On Cauchy’s Problem for a Linear System of
Partial Differential Equations of First Order

By Minoru YAMAMOTO

Osaka University
(Comm. by Kinjiré KUNUGI, M.J.A,, June 13, 1966)

1. Introduction. In this note we shall show the existence
and the uniqueness of the solution for a linear system of partial
differential equations of the following form (1.1) satisfying the
prescribed initial conditions (1.2):

0, & [ o,
an =SS 9) 5o Bl A 9
(1-2) u,L(O, x)"—‘?’»(w) (Aa:ls 2’ M} k)

under some conditions on A,,;, B,.,, f., and ¢, which should be
specified later (see [2]). We shall summarize here some notations
and definitions. R™ denotes the m-dimensional Euclidean space whose
elements are denoted by z=(x, ,, -, ©,), and z=x+ty=(%,+ 1y,
Lot Y, + o+, Tp+1Y,) (@, ye R™ 1=1"—1) is an element of m-dimen-
sional complex space C™. For some positive T, D(T)={(t, x); 0=t=T,
ze R™and DYT)={(¢, 2); 0<t=T,z=x+iyeC™ |y;|<v,j=12,- -,
m} for some positive 7.

A function f(¢, ) which is h-time continuously differentiable
with respect to (¢, «), is denoted by f(¢, z)e Cl ., and that f(¢, x)
which is analytic with respect to « for each te [0, T'] is denoted
by f(t, x)e A,

For any positive constants ¢ and b, a function f(¢, x) belonging
to C..p on D(T) and satisfying the inequality: | f(t, «)|=Me*"™ on
D(T) for some positive constant M, is denoted by f(¢, x) € F(a, b).

The method of the proof of the existence of the solution is
essentially based on that of Prof. M. Nagumo [2]. The author
wishes to express his deepest thanks to professor M. Nagumo for
his kind advices and constant encouragement,

2. Assumptions and Main Theorems. Assumptions.

(I) The functions A,,;(t, ), B..(t, x), fult, ) (¢, v=1,2, -,

k;5=1,2 ..., m) belong to C,.,, on D(T).

(II) The functions A, ¢, 2), B.(t, 2), (¢, v=1, -k j=
1,2, ..., m) belong to A, on D(T) for each te[0, T]
and can be extended holomorphically with respect to x to
the complex domain D,(T) on which they are continuous,

and on D(T), | A, (t, 2) |<A, | Bu(t, 2) |<B where A and
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B are positive constants,.

(III) The functions f,.(¢, «) (#=1,2, ---, k) belong to A, on
D(T) for each te [0, T] and ¢.(x) belong to A, on R™,
Moreover the functions f.(t, ®), ¢u(®) (#=1,2, --+, k) can
be extended holomorphically with respect to x to the
complex domain ®,(7T'), on which they are continuous.

Theorem 1. Under the assumptions (I), (II), and (III), there
exist positive numbers T, and v, (T\= T, v,<7v) and a system of solu-
ttons u,(t, 2) of (1.1) with the condition (1.2) which belong to C',,.,
on D,(T,) and to A, on D,(T,) for each te[0, T,].

Theorem 2. Under the assumptions (I) and (II), if wu.(t, x)
and v,(t, ) (=1, 2, -+, k) are continuously differentiable solutions
of 1.1) on D(T) satisfying the same imitial conditions (1.2) and
are contained in F(a, b) for some constants a and b, then w.(t, x)=
v,(t, x) (u=1,2, -+, k) on D(T).

3. Preliminary lemmas. Lemma 1. Let f(z, 2, +++, 2.) be
a holomorphic function in G(0)={z=x+1y;x;, y;€ R, |y;|<0:75=
1,2, ---, m} which satisfies, for some positive constants M, «,
(3-1) lf(x1+7:ylv x2+iy2, Tty xm+iym) ‘gMp_a
where p:6-MjaX{| y; 1}

Then in G(9) the following inequalities hold for all j: (§=1,2, ..,
m).

I+a
6D | L (o, i -, watiy)| s LD apmen
i

Proof, For arbitrary 2°c G(6) and any fixed j we take a circle
C; in the z;-plane with radius I _]"_) p and with center 2}, where p=

’

0—Max {| Ju20 [}. If z;€C;, then 3—|szj|g,o—ﬁ'oa and hence

| f(&) |I=Q+a)aMp~., Therefore by Cauchy’s integral formula
we get the conclusion, Q.E.D.

In the proof of Theorem 1 and Theorem 2, we may assume for
the initial values ¢,(x)=0, and then equations (1.1) with (1.2) are
equivalent to the following functional equations:

(303) ufl-(ty x):¢ll-[u(ta x):l (/,C:l, 2y tt k);

where

O ul=
ﬁj{ﬁ StAM,j(r, 2) 9% (2. 2)dr+ StB,,,,,(T, Bz, x)dz’}+ S fu(z, w)de.
=1 G=1do axj 0 0

Therefore to prove the Theorem 1 and Theorem 2, it is sufficient to

prove the existence and the uniqueness of the solutions of (8.3).
Lemma 2. Under the assumptions (I), (II), and (III), for

arbitrary x°c R™ there exists a solution w(t,z)e Ch ., NA, n any
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closed subdomain of A(x°), where
A@)={¢, z+iy); 0=t=T,, | x;—25 [<R, | ¥; |<R,— Lt}
0<R<Min {1, 7 (2E4) (W -ama/B}, L="04(1Tay™
a K a
for any fixed a and k such that 0<a<l, 0<k<1, and
T,=Min {T, R,/L,}.

Proof. It is obvious that g.(¢, 2)e C}; ., N A, on DY(T) implies
@9, 2)]eChNA, on D(T). Now consider the sequence of
functions u{”(¢, z) defined inductively as follows:

ud(t, 2)=0
(3.4) ur(t, ) =0, u"(t, 2)], n=0,1,2, ...,
Then from (¢, z) € Cl ., N A, on DT), it follows that u*(¢t, 2) €
Cin,NA, on DT) for all n,

Let Tu[u]:@#[ungtfp(f, 2)dz, then

u}[‘“)—uL’”:gfﬂ[u”"—u"”‘“j.
To demonstrate the convergence of the sequence {u{™(t,2)}, we
consider the series:

WPt )= S}, 2)— il , ) uid(h, 2)

=SV [P~ (t, 2),
=1

On the other hand, it is obvious that for given a (0<a<1) there
exists a positive constant M such that

|~ S| £, 2) e S M in A(@)
0
where p=(R,—Lit—Max |J.2;|), and hence we get

t
[u—wp jaes M Rie in @),
0

and from Lemma 1
t 8(u£“—u£°)) ‘ L_tg)1+a ) ﬁ e pa
So 0x; az é( a L, (7 =),
From the assumptions in Lemma we get the following:
| —ud |=kMp~™ in A(x°).

Thus we obtain inductively for all natural numbers »
(8.5) | urt —u® |<k"Mo™ in  A(x°).
Therefore from (3.5) we obtain a function w,(t,2) which is the
uniform limit function of u/™(¢, z) on any closed subdomain of 4(x°).
This shows that w,(t, 2)€ C},.,N A, in 4(«°) and w(t, 2)=0,.[u(t, 2)]
in 4(x°). Q.E.D.

Remark 1. From the above proof, we see that the solutions
satisfy

M

(3'6) | %,,,(t, Z) Iéi:—-;p_a in A(x"), [,!:1, 2’ cee, k,
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where M—( Sup {0°T,| fu(t, 2)|}. We shall denote these solutions
of (3.3) in A(w") xconstructed above by wu,(t, z, °).

4. Proof of Theorems. Proof of Theorem 1. From the
above Lemma 2, u.(t, 2, 2,)€ Ch,,,NA, in 4(x°). For arbitrary ze
A(x”) N 4(x"), considering the function v,(t, 2)=u.t, z, °)—u,t, 2, «*),

we have v,(0,2)=0 and v,(t, 2)=V.[v(t, 2)]. If B be a such positive
number that

={(t 2); 0=t=T,, x—M <R, ij|<§—L1t}CA(x°)ﬂA(m1),
and §=(R—Lt— Maxlsz l), M— sup {p |vu(t, 2) |}, then we have

the following 1nequaht1es P

| vu(t, 2) |=| ¥u[o(t, 2)] |SkMp™ in 4
as in the above proof of Lemma 2,
These facts show that Mp—*=<xlMp— (0<k<1), that is to say

v,(t, 2)=0 in 4" (#=1, ---, k). Hence we have by analytic continua-
tion with respect to z, the solution w.(¢, 2) of (3.3) in D, (7).
Q.E.D.

Remark 2. The Remark 1 and the Theorem 1 show that if
| fult, 2) |= M exp (—ae’'™) on D,(T) for some positive constants a, b,
and M, then for arbitrary a'(<a) there exist M’ and T, such that
the solutions of (3.3) satisfy
| uut, ) |SM' exp(—a'e*) on D(T)).
Proof of Theorem 2. Let

Lyfu]=2 —sif3h .,

oy

)

and for every o, (6=1, 2, k)
o . 5‘u
LgTu]=—2 +2{2 g, LAt 0.1 = Bty 2y

—e " teewp {(—a’ cosh Ol e D} 0, =1,2, -+ k,
where o’ is some positive constant such that for any given >0,
(a+¢) et =a’ cosh {b| z |}=Z;°=0(Z)Z%CT=;?W on DYT) for sufficiently
small positive v, and 3,“, is the Kronecker’s delta.

The equations LJ[u]=0 are of similar forms as equations
considered in the Theorem 1, and considering ¢ in negative direction
in the Theorem 1, we can conclude that there exist a positive T(=T)
and the system of solutions w,(t, ®) of LS[u]=0 in D(T) with the
initial condition w (T, 2)=0 for any T € [0, T,]. Moreover from the
Remark 1, we obtain the following inequalities:

1) | wdt, x) =M’ exp{—(a—i—%)e"""} on D(T) O<T=T,)

for some positive constant M’ depending on ¢, if we choose the
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constant a’ appropriately for given a.

If w and v are the solutions of (1.1) with the condition (1.2),
which belong to F'(a, b) for some positive a and b, then the function
(w—w) satisfies L,[u—v]=0, (4,—wv,) (0, x)=0 and
(4.2) | uu(t, 2)—vu(t, x) [S K exp (ae’®) on D(T) (¢=1,2,.--,k)
for some positive constant K and for any Te [0, T,]. Since
[wnLilu—01— (v Ex 0]} dade=o,

M=ISD(T)

S:dt- SRme“‘“'e[(ua—va) exp{—a’ cosh(b| x |)}]dx=0
for any & in R™, Thus for any £e R™ and t€ [0, T,],
(4.3) gﬁme—ix'e[(ua—vo) exp{—a’-cosh(b| © )} Jdw=0.

Since | (u,—v,) exp{—a’ cosh(b| x |)} |§exp{——;—e”'”'}, (4,3) shows that

the Fourier transform of the integrable continuous function
(W, —v,) exp{—a’ cosh(b| z |)} vanishes identically on R™ for each
te [0, Ty]. And since exp{—a’ cosh(b|x )}+#0 in R™, u,(t, )—v,(t, x)=
0 on D(T,).

Now if there exists a T'e[0, T] for which holds u, (T’, x)—
v,(T', £)#0 in R™ for some g, let T, be the infimum of such T’
then u (T, ®)=v,(T’', ®) on D(T,). In this case taking T;, T, such
that T,—T,=<T, and T,<T,<T,, repeating the above argument for
the interval [T, T,], we get u,(t, x)=v.(t, x) for (¢, x)e {D(T;)—
D(T)H}={(t, x); T;<t=T, xc R™}. This constradicts the assumption
of the existence of T’ given above, and we get the conclusion

wu(t, x)=v,(t, ) in D(T) for every p. Q.E.D.
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