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96. Calculus in Ranked Vector Spaces. VI

By Masae YAMAGUCHI
Department of Mathematics, University of Hokkaido

(Comm. by Kinjiré KUNUGI, M. J. A., June 12, 1968)

3.4. Differentiable mappings into a direct product.

(3.4.1) Proposition. Let F,,F,, ..., F,; E,E, ..., E, be a
family of separated ranked vector spaces and f,: F1—E,, f,:F;—E,, - - -,
fm: Fn—E, a family of mappings. Let X f;: XF;— X E; be ¢ mapping
from X F,;into X E; defined by,

(Xfi)(x)=(f1(x1)y fz(xz), MY f'm(xm))
for any element x=(&y, Xy, - -+, Tn) € XF;. Then Xfi: XF;—XE; is
differentiable at the point a=(a,, @y, - - -, &) € XF; if and only if for
each i (1=1,2, ---, m) f;: F,.—E, is differentiable at the point a; e F,
and then
(X f) (@)= X fia).

Proof. (a) Suppose that X f;: XF,— X E, is differentiable at
the point a=(a,, a,, - -+, ay) e XF,, ie., there exists a map Xl
e L(XF;; X E,) such that the map Xr;: X F,— X E, defined by

(X f)@+R)y=(X f)@)+ (X 1L)(R) + (X r)(h)

is a remainder, where h=(h,, hy, - -, hp) € X F.

Jila;+hy) = fila) + (k) +7:i(Ry), 1=1,2,...,m.
We shall show that it follows from X1, e L(XF;; X E;) that for each
1 (1=1,2,...,m)

lie L(F; E,).
In fact, by Xl,e L(XF;; XE,),
(X TR +h)=(X1)(h)+ (X T)(R)
where h=(hy, hy, - -+, hy), W=}, b}, -- -, k) are arbitrary elements
of XF,;. From this we have
Uy + 1), U+ 1Y), - - -, Ln(Bm 4 BE))
=R, Lhy), - -+, Lu(hw)) + (LR, L(RY), - - -, Lu(hy)
=(l1(h1) + l1(h{)’ lz(hz) + lz(hé), ) lm(hm) + lm(h:n))
Li(h+ h)) =1(hy) + Li(RY), 1=1,2, ..., m.

That is, L, I, - - -, I, are linear,.

By Xl;e L(XF;; XE;), Xl is continuous, and therefore it is
obvious that I; is continuous.

l,e L(F;; E), 1=1,2, ..., m.

We shall next show that Xr;, e R(XF;; XE;) implies r, € R(F;; E)),
1=1,2, ..., m.
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Let {z.}={(%s1, ®ny, - - -, Tun)} De a quasi-bounded sequence in X F;
and {4,} a sequence in R such that 1,—0, then xr,e R(xF;; XE,) im-
plies

{lim (X7:)(An2n) } 50

7,
fim ( n(z;:cm) , rz(z;nxm) . wm(xgcnm) )} S0

e fim __71(2;“"1) 50, ftim ___’”2(1;%) Iso,.,

n n

ftim Tnlaan) | 5 g,
An
reR(F,;E), . R(Fy; By, -+ -, e R(Fy s Ey).
Therefore f;: F,—FE, is differentiable at the point a; ¢ F';, for i=1, 2,
e, M,
(b) Suppose conversely that for each i (i1=1,2,...,m) f;: F,—FE,
is differentiable at the point a; ¢ F';, i.e.,

fl(al + hl) =f1(a1) + l1(h1) + 7’1(h1)
fz(az + hz) -_-fz(a/z) + lz(h2) + 'rz(hz)

Jn(@m+ )= fn(0n) + n(By) +7n(hm)
where L e L(F,; E), Le L(Fy; Ey), -+, lne L(F,; Ey); 1€ R(F,; B,
r,e R(F,; Ep, .-+, and r, ¢ R(F,, ; E,). Thus we have
(X f)e+h)=(X fi) @)+ (X L)R) + (X 7)(h)
where a=(a,, a,, - -+, &y) and h=(hy, by, - -+, hyp) € XF5.
It only remains to prove that
xlie L(xF;; xE;) and Xr;e R(XF;; XE)).
It is clear that we have
xl;e L(XFi; XE)).
In fact, let h=(hy, hy, - -+, hp), W =(R, B, -+, h},) be arbitrary
elements in X F';, then
(XU)(h+ 1) =0 (hy+ 8D, Ly + 1Y), - - -y Ln(hm +17,))
= () + LR, (k) +1,(hY), - - -5 Ln(Rp) +1n(h7)
=(l1(h1), lz(hz), B} lm(hm))‘l‘(ll(h{)’ lz(hé)’ D] lm(h;n))
=(x 1))+ (X 1)R)
i.e., xl;: XF;— xE, is linear.
Since I, : F,—E, (i=1,2, - --, m) are continuous, XI;: X F;— X FE;
is also continuous,

xl;e L(XF;; X E).
We shall next show that xr,e R(xF;; xE;). For this, let {z,}
={(@n1» Tngs * - *» Tum)} b€ ANy quasi-bounded sequence in X F'; and {4,}
a sequence in R with 2,—0, then
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(XT)(An20) _ (rl(lnxm) 7y(Anns) m(lnxnm)).
An An | A A
Since 1, ¢ R(F,; E), r,e R(F,; Ey), -+ -, rn € R(F, ; E,),

fiim 7)) 5 o, flim T} 5, ..., fiim Taleten)| o,

By (1.5.1) we get
{lim (X 7)) (AnZn) } 50
Xri€ R(XFy; XE)).
Thus X f;: XF,— X E, is differentiable at the point a=(ay, a,, - - -, @)
e X F; and
(Xfi)’(az)= X fias).

(3.4.2) Proposition. Let E,E, E,, ..., E, be a family of sepa-
rated ranked vector spaces and f,: E—E,, f,: E—E,, ---, fn: E—E,
a family of mappings. Let IIf; be a mapping from E into X E; de-
fined by

(1) (@)= (f1(®), fol@), - - -, ()
for any xe E. Then IIf;: E— X E, is differentiable at a point a ¢ E if
and only if for each ¢ (i=1,2, ..., m) f;: E—E,; is differentiable at
the point a ¢ E, and then
U1y (@)=1f(a).

Proof. (a) Suppose that IIf,: E— x E, is differentiable at the

point a ¢ E. Let us consider for each k (k=1, 2, ..., m) a mapping

v X E;—FE, defined by
Piz=ux,
for any element z=(x,, %,, -+, x,) e XE,. Then it is clear that
P,: XxE,—FE, is linear and continuous, and therefore by (3.2.1) it is
differentiable at each point in X E,.
Since
f k=P 13 11 f i

by the chain rule f; is differentiable at the point a ¢ E.

(b) Suppose conversely that f,: E—E,, f,: E—E,, -+, fn: E—E,
are differentiable at the point « ¢ E. Then by (8.4.1) the mapping

Xfi: xE=E™"~xFE;

is differentiable at the point (@, a, - - -, @) € E™,

Now let us consider a mapping d : E—E™ defined by

d@)=(x, 2z, -+, x)c E™

for any x e E. It is obvious that d : E—E™ is linear and continuous.
Hence by (8.2.1) it is differentiable and d’(a)=d.

Since

IIfi= X fi-d,



No. 6] Calculus in Ranked Vector Spaces. VI 433

by the chain rule I7f; is differentiable at the point a ¢ E, and
U1y (@)=1fi(a).
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