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In this paper, for a subset A of a ranked space R [1], we shall
define two subsets of the ranked space, A and A. Both of them have
some properties which are analogous to the closure in the usual topo-
logical space. We shall introduce several propositions with respect to
A and A. We have used the same terminology as that introduced in
the paper “On the sets of points in the ranked space II.” [6].

Definition. Let A be a subset of a ranked space R. Then A and
A are defined as follows.

A={x;3{V (@)}, V.(x) NA%¢ for all a},
A={z;V{V ()}, V.@)NA=¢ for all a},
where {V, (x)} is a fundamental sequence of neighborhoods with re-
spect to a point = of R [2] and « is a natural number. We say that A
is an r-closure of A and that A is a quasi r-closure of A.
Proposition 1. If A is a subset of a ranked space R, then
(1) ACA,
(2) if R satisfies Condition (M) [3] then A=A.

Proof. It is easy to prove (1).

If pe A, then by the definition there exists a fundamental se-
quence of neighborhoods of p, {V,(p)}, such that V (»p)NA+¢ for all
a.

Let {Uy(p)} be an arbitrary fundamental sequence of neighbor-
hoods of p, and V,(p) ell, and Uyp)ell,,. Then for each S, there
exists 7, such that 0,<y,. By Condition (M), U,(p)2V ,(p), con-
sequently Uy(p)NA#¢p. Therefore pe A, that implies ACA. Then,
A=A vecause by (1) ADA.

Remark 1. In general A=A. For example, if A={z,}, where
{#,} is a sequence of points in Example 1 [3], then A=+ A.

Proposition 2. If A and B are subsets of a ranked space, then

(1) if ACB, then ACB and ACB,
(2) ACA and ACA,
(3) AUB=AUBand AUB=AUB,
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(4) gz-ﬁ_=¢ and $=¢,
(5) R=R and R=R.
Proof. It is easy to prove this proposition.

Remark 2. A=A and A=A are not always true. For example,
let A be a point p in the example of K. Kunugi [2]. Then, it is shown

that A is a proper subset of A and that A is a proper subset of A.

Proposition 3. If A is a subset of a ranked space R, then the
following conditions are equivalent.

(a) A isan r-closed subset of R.
(b) A=A.

Proof. First we will prove that (a) implies (b).

Suppose that A=A, that is, A2A. Then there exists a point p
such that pe A and pe A. Consequently, p e R—A and there exists a
fundamental sequence of neighborhoods of p, {V,(p)}, such that V (p)
NA==¢ for all «. Hence R—A is not an r-open subset of B. There-
fore A is not an r-closed subset of R.

Next we will prove that (b) implies (a).

If A is not an r-closed subset, R —A is not an r-open subset of R.
Therefore, there exist a point p of R—A and a fundamental sequence
of neighborhoods of p, {V.®)}, such that V. (»)NA+#¢ for all a.
Hence p e A. Consequently A=A because pe A.

Proposition 4. If A is a subset of a ranked space R, then the
conditions below are related as follows. For all spaces the condition
(a) implies the condition (b), but the converse is not always true.

(a) A isan r-closed subset of R.
(b) A=A.

Proof. If A is an 7-closed subset of R, then A=A by Proposi-
tion 8. Since ACACA, we have A=A.

The example of Remark 1 shows that the converse is not always
true, because A=A and A+ A.

Proposition 5. Let {p,} be an arbitrary sequence of a ranked
space R and A,={ps, Ds:1, -}, (B=1,2, --.), then the following con-
ditions are equivalent.

(a) When pis a point of R, p e A, for all B.
(b) A point p is an r-cluster point of {p,}.

Proof. First we will prove that (a) implies (b).

If a point p is not an r-cluster point of {p,}, then for each funda-
mental sequence of neighborhoods of p, {V,(p)}, and for each natural
number 7 such that §<7, there exists a natural number S8 and V, (p)
such that p. e V,(p). Hence V,(p)NAs;=¢. By the condition (a),
there exists a fundamental sequence of neighborhoods of p, {U.(p)},
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such that U, (p)NA,#¢ for all «. This is a contradiction.

Next we will prove that (b) implies (a).

Since p is an r-cluster point of {p,}, there exists a fundamental
sequence of neighborhoods of p, {V,.(p)}, such that {P,} is frequently
in each V (p). Consequently, for each V, (p) and an arbitrary natural
number [, there exists d(aw) such that B<d(a) and p,,, € V.(p).
Since p,, € A;, we have V,(p)NA,#¢ for all a. Hence pe 4, for
all 8.

Proposition 6. Let {p,} be an arbitrary sequence of a ranked
space R and Ay={P;, Ds.1, -+ -}, (B=1,2, ..+), then the conditions be-
low are related as follows. For all spaces the condition (a) implies
the condition (b), but the converse is not always true.

(a) When pis a point of R, p efL for all B.
(b) A point p is an r-cluster point of {p,}.

Proof. Let {V,(p)} be an arbitrary fundamental sequence of
neighborhoods of p. Since p efL, we have V, (p) NA,#¢ for all 8.
Therefore, {p,} is frequently in each neighborhood V,(p). Hence p is
an r-cluster point of {p,}.

The example of Remark 1 shows that the converse is not always
true. For example, let p, be 2z, in the example of Remark 1, then the
r-cluster point p of the sequence {p,} does not belong to A~p for all 8.

Proposition 7. If R is a ranked space, then the conditions below
are related as follows. For all spaces the condition (a) implies the
condition (b), but the converse is not always true.

(a) If quasi r-closures B, of subsets B, (a=1,2, --.) in R are
non-empty subsets of R and E’IQEQ~ .- :JE,,;. -+, then
n B.#4¢.

(b) R s a sequentially compact set.

Proof. Let {p,} be an arbitrary sequence of R and B,={p,, Dos1,
-}, (@=1,2,---). Wehave B,DB,D-.-2B,2--- and B,#¢. Con-
sequently, by the hypothesis there exists a point p such that p € B, for
all «. By Proposition 6, p is an r-cluster point of {p,}. Hence R is a
sequentially compact set.

The following example shows that the converse is not always
true.

Let us consider the ranked space E of Example 2 [2]. Let
R={z,}U{p}, and U=R NV, where V is a neighborhood of a point in .
If the rank of U is defined to be that of V, R becomes a ranked space.
Then R is a sequentially compact set. However, if we suppose that
B.,={Z, 241, -+ -}, (@=1,2, - ..), the condition (a) is not satisfied.

Proposition 8. If R is a ranked space, then the following condi-
tions are equivalent.
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(a) If B, are non-empty r-closed subsets of R, and B,DB,
2.--2B,D---, then NB,#¢.

(b) R is a sequentially compact set.

Proof. First we will prove that (a) implies (b).

Since B, is an r-closed subset, B,=B,. Therefore, by Proposition
7, R is a sequentially compact set.

Next we will prove that (b) implies (a).

Since B,#¢ there exists a sequence {p,} such that p, € B, for all
a. Suppose that C,={p,, Vor1, ---} (@=1,2,...). Since R is a se-
quentially compact set, {p,} has an r-cluster point p. By Proposition
5 peC, (a=1,2,.-.). Noting that B, is an r-closed subset of R,
B,=B,. Hence peB, for all «. Consequently, NB,#¢.
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