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33. On Certain Mixed Problem for Hyperbolic
Equations of Higher Order

By Kazuo ASANO and Taira SHIROTA
Department of Mathematics, Hokkaido University

(Comm. by Kinjird KUNUGI, M. J. A., March. 12, 1969)

1. Introduction. Let 2 be the half-space of R”: {(x,, @5, - - -, ®,) |
Z,>0}, and I" be a boundary of 0.
Consider the hyperbolic equation

1.1) Lu= ({?2 +a,(x, D)aat2 - oy, D))u+B<x D, g ) =f

where a,(x, D)= ?;* a(x)D*, D,= \/}__1 a—i—j—, a=(a, -, a,), |la|=a,
+...4+a,, D*=D;*...D;*, and B is an arbitrary differential operator
of order 2m—1).

We assume that all coefficients are sufficiently differentiable and
bounded with their derivatives in R~.

Our aim of the present note is to assert the following

Theorem 1. We assume that a.,....,(x’, 0)=0 when a, is odd.
Let all the roots z,(x, &), (i=1, - - -, 2m) with respect to = of the equa-
tion t™+a,(x, E)™ 14 . . L @y(2, £)=0 be pure imaginary, distinct
and not zero, uniformly. Then for any f(t x) e C1([0, T1; LA(2)) and
g o, x)) e D, (i=1,2), there
exists a unique solution u of the equation (1.1) satisfying boundary
conditions

any initiel data (u(O, x), %%(0, x), «-

(1.2) ulp=4dulp=-. - =4""u|,=0,
or
0 0 0
1.3 —_—Ulp= =oo=—"A"|,=0.
(1.3) o0, ulr 0, o0z, vlr

The solution satisfies (u(t, x), it a, 8t2 T (¢, @) € CQ0, T1;

DX LA(D)), where 9,= D(A‘”")X X D), Dy=DUA™)X ... XD(,).
In the case of Dirichlet type boundary condition (1.2), we consider 9),,
and in the case of Neumann type boundary condition (1.3), we con-
sider 49),. The definitions of A,, 4_ are represented in the following
section.

It is not difficult to show that from the considerations in the proof
of Theorem 1 it implies the theorems obtained by S. Mizohata [5]
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and by S. Miyatake [4]. The method of proof of Theorem 1 is based
on singular integral operators with boundary conditions developed
below and on Leray’s one [3].

The detailed treatment and other interesting results shall be
published elsewhere.

2. Singular integral operators with boundary conditions.
Definition 1. Let A(£) be any bounded function in R*, homo-
geneous of degree zero. For u(x) € LAR"), we define

AD)u=F""(AG)F*u(&)), ADu=F-"(AE)F-u)),
where (F*u)(&):‘r_o j:e'i”’f' cos (x,&)u(x’, x,)dx'dx,,,

Fu)@=["_ [ sin @, Juw, 2.)dw'da,,

(F”u)(5)=_(2‘n1)n_-x’ %er:ei”'f' cos (& ux’, x,)dx'dx,,
F "u)(§)=—(éﬂ—1);:;- %‘[1‘[:6‘”’5' sin (& )u(x’, x,)dx'dx,,
R"> x:(xly sty Xy wn)Z(x/, xn),

Ri={xeR"; 2,>0}=4,
w&=S 1wk, i={—1.
=1

Definition 2. We define the following positive self-adjoint oper-
ators in L*(R%) or L*(RY) : we set

2 __ @ 2Y 2 RLY -« du —
Hi=—-20, DWH)={ueHNR); ZLO0=0],
d2

H =

— , D(H)=HYR.)NH}R.)
dax?
d2
H*=—_——"_, D(H)»=HRY,

da?
and set H, =(H2)*, H_=(H>)}, H=(H?!. Then we have that D(H,)
=HYRY), D(H_)=HYR.), D(H)=HR".

Definition 3. We set
Ady=—W+H)E, A =(—d4+HD, A=(—4+HY,
D(4,)=HYR?), D(A.)=HYR?), DU)=H'(R"),
n-1 62

where 4 =i§=]1 i .

It follows that
A u=A%|,, 5, for w(x) e D(4,), A_u=Ai|,,, for u(x) e D(4),
w(’, z,) for x,>0,
w(x’, —x,) for x,<O0,
f@, z,)= (W& @) for 2,>0

@, @) {——u(x’, —z,) for «,<O0.

where ax, 2,)= {
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In what follows we consider only 4., as we can consider 4_ simi-
lar to 4,.

Definition 4. a(z, &) € 5¢ means that

a(z, &) e CL32(RE X (R —{0)), alz, 2&)=alx, £) for 2>0,
and for every integer s(>0), there exists M (a) (< o) such that
p|(2) (2] atw 0| <a 0.
4=2e =1 [\ dw/ \0¢&
vi<s zeR”

Theorem 2. Let a(x, &), b(x, §) e Er. We set singular integral
operators a(x, D), b(x, D) with symbol a(x, &), b(x, &), respectively,
that is, for u(x) e LAR?), a(x, Dyu=F*"(a(x, §)F*u(&)). Then, for u(x)
e D(4.), we obtain the following estimates.

) |(a(z, D)b(x, D)—b(x, D)a(x, DA u,, 0
< C(Mz([gn]+s)(a) My 41)(D) + Ma(n+1)(a)Mz([gn]+3)(b)) %l 2,05
i) |(a(z, D)4, —A,a(x, DU 4,50 < My (@) | %] 1,505
iii)  [[(a(z, DY*—a*(%, DN A% 5,50 < CMy([3145) (@) %] 1,500
iv) | (a(z, D)b(x, D)—(a-b)(x, D) A, %],
SCMz([gn]+3)(a)Mz(n+1)(b)”u” p>0°

Here ||u||§,n>0=_f Jupdez, o*(z, D), (acb)(x, D) are singular integral
Ry

operators with symbol a(z, &), a(x, £)b(zx, &), respectively, ¢ depends
only on dimension 7 and [ ] denotes the Gauss symbol.

Definition 5. U is the algebra generated by a(z, &) ¢ & with the
property: a(x, &, E)=a(x, &', —&,) and f(x) é’] with the property:

f(’, 0)=0 and f(x) ¢ CR"). For a(zx, §)=$1ai(x, §)fi(x)|—%—,we asso-

ciate with the singular integral operator a(x, D) as follows:
a(z, Dyu=3" F/(ﬁ(x)% 0@, OF D)\, for ue LHRY),
i=1
where F is Fourier transformation and F” its inverse.

Theorem 3. For the symbols a(x, §), B(x, &) € U, the statements
of Theorem 2 are also valid.

The proof of Theorem 1 is a direct consequence of Theorem 3
from which it is seen that the proof is accomplished by the familiar
method with the use of singular integral operator with respect to the
Cauchy problem for hyperbolic operators ([11, [8], [5]-[7]).
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