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85. Other Characterizations and Weak Sum Theorems
for Metric-dependent Dimension Functions

By J. C. SMITH
(Comm. by Kinjiré6 KUNUGI, M. J. A., April 13, 1970)

1. Introduction. In [7]and [8]the author introduced the metric-
dependent dimension functions d; and d, and characterized them in
terms of Lebesgue covers of metric spaces and for uniform spaces.
The results for metric spaces are the following.

Theorem 1.1. Let (X, p) be a metric space. Then dy(X, p)<n if
and only if every countable Lebesgue cover has an open refinement of
order <mn+1.

Theorem 1.2. Let (X, p) be a metric space. Then d(X, p)<n if
and only if every locally finite Lebesgue cover of X has an open
refinement of order <n-+1.

A natural question now arises as to whether new metric-dependent
dimension functions occur if ‘“countable” and “locally finite” in the
above characterization theorems are replaced by “star-countable” and
“point finite” respectively. In §2 we define two such new dimension
functions, d¥ and d¥, and prove that dF=d; and d¥=d,. We also show
that the dimension function d, of Hodel [1] has a “star-countable”
equivalent definition. In §3 we introduce a new metric-dependent
dimension function d¥, characterize it in terms of Lebesgue covers,
and observe the following inequality d,<d}¥<d,. In §4 we generalize
a sum theorem of Morita and establish “weak” locally finite sum
theorems for d,, d,, d¥, d;, d, and d, in both metric and uniform spaces.

2. Equivalent characterization for d; and d,.

Definition 2.1. Let (X, p) be a metric space. Then df(X, p)<n
if and only if every star-countable Lebesgue cover of X has an open
refinement of order <n-1.

We note that do(X, p) <dF(X, p) by Definition 2.1 and Theorem 1.1.
By a similar technique as in Theorem 2 of [2] by Morita we have the
following.

Theorem 2.2. Let §={G,: a € A} be a star-countable open cover
of a T, space X. We divide the index set A into subsets {A,: 8 € B}
such that a and y belong to A, if and only if there exists a positive
integer m such that G,CSt™(G,, G). Define X,= | J G,. Then we have

. aeAﬁ
the following
1) X=X,
BEB
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@2 X,NX,=0 for B+p

(8) X, is open and closed in X for each B e B.

4 G,={G,: ae A,}isa countable open cover of X, for each B € B.

Theorem 2.3. Let (X, p) be a metric space. Then dy(X, p)
=dék(X, .0)

Proof. Assume dyX, p)<n. Let G={G,: acA} be a star-
countable Lebesgue cover of (X, p). By Theorem 2.2 above the index
set A can be partitioned into subsets {A4,: Be B}, satisfying the
conditions (1)—(4), where each g, is a countable Lebesgue cover of X,.

Since dy(X, p)<n, dy(X,, p)<n for each B e B; so that G, has an
open refinement <, such that order (U, <n+1 for each BeB.
Therefore U= U, is an open refinement of G and order (U)<n+1.

BEB
Hence d§(X, p)<n.

Corollary. Let (X, p) be a metric space. Then dy(X, p)<n if and
only if every star-countable Lebesgue cover of X has an open
refinement of order <n+1.

By a similar proof as in [8] we obtain the following.

Theorem 2.4. Let (X,U) be a normal uniform space. Then
do( X, U)<n if and only if every star-countable Lebesgue cover of X
has an open refinement of order <n-+1.

We now consider the metric-dependent dimension function similar
to d,, which is defined in [7].

Definition 2.5. The dimension function df is defined like d, in [7]
with the exception that {X—C/: a € A} is point finite.

Definition 2.6. Let X be a set and G={G,: 2 ¢ 4} be a collection
of families of subsets of X. Foreach e 4, let G,={G,: ae A;}. Then

)/e\A {G}={NG,»:a(DeA,led}

Lemma. Let X be a normal space, {G,: a € A} a point finite open
collection, and {F,: a € A} a closed collection such that F,C G, for each
acA. If G=N{G,, X—F} has an open refinement of order <n+1,

aCA

then there exist closed sets B, separating F, and X —G, for each o € A
such that order {B,: a € A}<n.
Proof. Since {G,: a € A} is point finite it is clear that = A {G,, X
a€A

—F,} is a point finite cover of X. If C{/={V,:0e 4} is an open
refinement of G of order <n-+41 we may assume that C{/ is also point
finite. Note that given V eC}/, then V intersects at most a finite
number of the F,. For if VNF,#0, then VCG, and {G,: a € A} is
point finite. Since CJ/ is point finite and X is normal, there exists a
closed cover 9={D,: d ¢ 4} such that D,CV, for each ded. The
remainder of the proof is essentially the same as [6, II, 5, B].
Theorem 2.7. Let (X, p) be a metric space. Then d¥(X,p)<n
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if and only if every point finite Lebesgue cover of X has an open
refinement of order <n-+1.

Proof. Using the previous lemma, the proof proceeds as that of
Theorem 4.2 in [7].

In [9] the author has shown the following.

Theorem 2.8. Let (X, p) be a metric space. If G 1is a point finite
Lebesgue cover of X, then G has a locally finite Lebesgue refinement.

Hence the following is clear.

Corollary. Let (X, p) be a metric space. Then d(X, p)=d}(X, p).

As was the case for d, above we now have:

Theorem 2.9. Let (X,U) be a normal uniform space. Then
d(X,U)<n if and only if every point finite Lebesgue cover of X has
an open refinement of order <n-+1.

In [1] Hodel introduced the metric dependent dimension function
d,. We now observe that d; has an alternate definition.

Definition 2.10. Let (X, p) be a metric space. if X=0, d¥(X, p)
=—1. Otherwise, d¥(X, p)<n if (X, p) satisfies this condition:

(D¥) Given any collection of closed pairs {C,, C.,: @ ¢ A} such that
there exists 0 >0 with

@ pC,,C)>0foreach ac A,

(2) {X—C,:aec A} is star countable,
then there exist closed sets B,, separating C, and C’, such that order
{B,: a e A}<n.

Note that dy(X, p) <d¥(X, p) by definition.

Theorem 2.11. Let (X,p) be a metric space. Then dy(X, o)
= d;k(X, P)-

Proof. Assume dy (X, p)<n and {C,, C,: a e A} is any collection
of closed pairs satisfying (D¥) above. Since {X—C,: a e A} is star-
countable, {(X—C.,: a € A}U{X—C,} is a star-countable open cover of
X for any fixed a,€ A. By Theorem 2.2 above we can partition A into
subsets {A,: B8 € B} satisfying the conditions (1)-(4).

Now dy(X, p)<n implies that for each 8 ¢ B exist closed sets B;,,,
separating C, and C, for all a € 4, such that order {B;., : a c A;}<n.
Hence {B,,: @ € A;, B € B} is a collection of closed sets satisfying (D7)
above, so that d}(X, p)<n.

3. The dimension function d¥.

Definition 3.1. Let (X, p) be a metric space. If X=0, then
dF¥(X, p)=—1. Otherwise, d¥(X, p)<n if (X, p) satisfies this condition:

(D¥) Given any collection of closed pairs {C,, C,: a € A} such that
there exists ¢ >0 with

@) pC,,C)>0 for each v c A,

(2) {X—C,: ae A} is star-finite,
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then there exist closed sets B,, separating C, and C’, such that order
{B,: x¢e A}<n.

Theorem 3.2. Let (X, p) be a metric space. Then d¥(X,p)<n
if and only if every star-finite Lebesgue cover of X has an open
refinement of order <n-+1.

Proof. Since {X—C,: a ¢ A} is star-finite, then A {X—C,, X—C.}

a€A
is a star-finite Lebesgue cover of X. Hence the proof proceeds exactly

as that of Theorem 4.2 in [7].

Corollary. Let (X, p) be a metric space. Then dy(X, p)<d¥(X, o)
<dy(X, 0).

4. Weak sum theorems.

Definition 4.1. Let X be a topological space and G be an open
cover of X. We say that the G-dimension, denoted G-dim, of X is the
smallest integer n such that G has an open refinement of order <n+1.
If no such integer exists, we say G-dim (X) is infinite; and G-dim (0)
=—1.

K. Morita* [5] has shown the following:

Theorem 4,2. Let X be a mormal space, {U,: a e A} a locally
finite open collection, and {F,: a e A} a closed collection such that
F,cU, for each ac A. Let G be any locally finite open cover of X
such that G-dim (F,)<n for each acA. If dim(F,NFy)<n—1 for
a+f3, then G-dim (LG%F,,)Sn.

We generalize this to the following:

Theorem 4.3. Let X be a normal space, {U,: a e A} a locally finite
open collection, and {F,: a € A} a closed collection such that F,C U, for
each ac A. Let G be any locally finite open cover of X such that
G-dim (F)<n for each a € A. If dim [bdry(F,)NF,]<n—1 for a=j,
then G-dim (| F,)<n.

a€A
Proof. Define for each positive integer k, A,, to be the collection
of all distinct subsets {a,, a,, - - -, @;} of A with cardinality & such that

(k\ F,+#0. Define
i=1

k
j{k={Q F,— ﬁL*J .int (Fo):{ay, -, a e Ay, Be A},

oo

and Y=\J ={H, Ae 4}. Clearly H, ¢ 4 implies H, is closed in X and
k

k=1
there exists some F', such that H,CF..
Assertion 1. UAH 2=UAF‘,.
i€ a€

Let x e\ JF,. Since {F,: a € A} is locally finite there exists some
a€d

#* The author wishes to thank Professor K. Morita for his helpful suggestions
concerning this paper.
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integer m >0 such that the order of x with respect to {F,: a e A} is
equal to m. Hence by definition = belongs to some member of .9(,.
Also {F,: a € A} locally finite implies that 4( is locally finite.
Assertion 2. Let H, and H, belong to 4 such that H,+H,. Then
there exist distinct members F', and F, such that H;NH,C(bdry F,)

NF,. This assertion is obvious if H,NH,=0. Let H1=rnﬁ F,,
m =1

— Jint (F,) and H,l=mF,i—ﬁUint(F,;). Since H,+H, we have
i=1 #73

B#aj
{ay, -y} #{r1 -~ -5 rm}; so that either a,e{y, ---,7~} for some
te{l,2,...,m}ory,e{a,, ---,a, forsomeje{l,2, ..., m}. According-
ly in either case we have H,N H,C (bdry F.)NF, or H,NH,C(bdryF, P

NF.,.
Now by Assertion 2 we have dim (H;NH,) < dim [(bdry F',) N F;]

<n—1. Since {U,: a € A} is locally finite, we have that {(nﬁ U,:{a,
ceate Ay, n=1,2, ...} is locally finite collection of operi:;ubsets of
X. Since H,=(\F.— \Jint(F,)C(\U., we have by Theorem 4.2
above G-dim (ag F:) =Q’-£IZ (1L6JA Hl)g;;.l

Theorem 4.4. Let (X,p) be a metric space satisfying these
conditions.

1) X=\UF,, where F, is closed in X.

a€Ad

(2) {F,:acA}is locally finite.

B) dyF,,p)<n for all a in A.

4) dim [(bdry F,)NF,]<n—1 for a+pj.

Then d(X, p)<n.

Proof. Let ¢>0 be given. We want to find an open cover U of X
such that p-mesh (U)<e and ord (U)<n+1. Since d(F,, p)<n for
each « in A, there exists an open cover U, of F, such that p-mesh
WU)<e/2 and ord (U,)<n+1. As before we can assume U, is locally
finite and hence we can shrink J, to a closed cover of F', which will
then be a closed locally finite collection in X. Again since X is
paracompact we may assume that <U, is a locally finite open collection
in X such that p-mesh U,<e and ord (U,)<n+1. Define U= U.,.

a4
Clearly €U is an open cover of X. Furthermore ¢J can be assumed to

be locally finite since {F,: « € A} can be expanded to a locally finite
collection {G,: @ € A}, and we can restrict the collection U, to G, for
each a ¢ A. By Theorem 4.3, U has an open refinement C{/ of order
<n+1. Also p-mesh (C}))< p-mesh (U)<e, so that dy(X, p)<n.
Using the Lebesgue covering characterizations for each of the
dimension functions d,, d,, d¥, d;, and d, it follows that Theorem 4.4
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holds for these dimension functions in metric space as well as for
normal uniform spaces. See [7] and [8].
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