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1. On Polarizations o Certain Homogeneous Spaces

By Hideki OZEKI*) and Minoru WAKIMOT0**)

(Comm. by Kenjiro SHODA, M. Z. ., Jan. 12, 1972)

1. It is one of main problems in the theory of unitary represen-
tations to find a unified way of constructing all irreducible unitary
representations or an arbitrary Lie group.

Kostant ([7], [8]) has shown a very general method of constructing
unitary representations, using polarizations of homogeneous sympletic
spaces. And Kirillov ([5]) gave several problems related with Kostant’s
works.

In this note, we announce some results on invariant polarizations
of homogeneous spaces by semi-simple Lie groups. First, an infini-
tesimal characterization of polarizations is given in Theorem 1. And
examples in the third section would answer to one of the problems
raised by Kirillov. Then the notion of principal nilpotent elements in
a real semi-simple Lie algebra is introduced. Using this notion, we
can show the existence of invariant polarizations of certain homogene-
ous spaces (Theorems 3 and 4). An exposition with detailed proofs
will be published elsewhere.

2. Let G be a connected Lie group, g0 its Lie algebra and g the
dual vector space of go. The space g has the G-module structure con-
tragredient to the adjoint representation o G on g0. For an element
f of g0, we denote by G the isotropy subgroup of G with respect to f,
and by g0 the subalgebra o g0 corresponding to G. Kostant has shown
that every G-orbit G(f)=G/G has a canonical invariant symplectic
structure.

Let g and gx be the complexification of g0 and g0. For a complex
subalgebra p of g, we consider the ollowing conditions:

i)
ii) f([p, p])= {0}

iii) dim p--dim g=dim g--dim p
iv) p is Ad(G)-stable;
v) p+a(p) is a complex subalgebra of g, where a denotes the

conjugation of g with respect to g0.

Definition. For f in g nd a complex subalgebra p of g, p is called
1) a weak polarization oi f if p satisfies i)iii),
2) a polarization o f if p satisfies i)iv),
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3) a weak admissible polarization of f if p satisfies i)--iii) and
v) and

4) an admissible polarization of f i p satisfies i)--v).
It is easily seen that our (admissible) polarization in the above

definition corresponds to an invariant (admissible) polarization of the
homogeneous space G/G with respect to the canonical invariant sym-
plectic structure given by Kostant. Whereas, a weak polarization of

f corresponds to an invariant polarization of the universal covering
space of GIG, considered as a homogeneous space by the universal
covering group of G.

Throughout this paper we assume that G is a connected semi-simple
Lie group. In this case, the G-module g is iso.morphic to g0 via the
Killing orm. For an element X of g0 and a complex subalgebra p o
g, we call p a polarization (resp. a weak polarization etc.) of X if p is a
polarization (resp. a weak polarization etc.) of fx, where fx is the ele-
ment o gg corresponding to X by the above isomorphism.

:. The ollowing theorem gives a characterization o a weak
polarization.

Theorem 1. For X in o and a complex subalgebra p of , the
following conditions are equivalent"

1) p is a weak polarization of X;
2) p is a parabolic subalgebra of , and the space [X, p] coincides

with the nilradical of p.
Particularly, in case that X is a nilpotent element of o, the above

conditions are equivalent to
3) X belongs to the orthogonal complement of p in with respect

to the Killing form B of , and p satisfies the condition iii) in the second
section.

An element X in 0 has a unique decomposition X=H/ e such that
H is semi-simple, e is nilpotent and [H, e]--0. We remark here that
the centralizer fi of H is reductive and e belongs to the semi-simple
part [, ’] of .

Theorem 2. Let X--H+e be the decomposition of X as above.
Then X has a weak polarization if and only if e has a weak polariza-
tion in the semi-simple part of the centralizer of H in .

Proposition 1. Any semi-simple element of o has an admissible
polarization.

Thus the problem to find a polarization for an arbitrary element
X in a real semi-simple Lie algebra is reduced to the case where X is
nilpotent. However, the ollowing proposition and remark suggest
that the situation is somewhat complicated.

Proposition 2. Suppose that o is a direct sum of simple Lie
algebras of type (A). Then every element in o has a weak polarization.
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Remark. In case that a certain simple factor of g0 is the normal
form of type (B), (C), (D), (E), (F) or (G), there exists an element in g0

with no weak polarizations.
In the following two examples, we fix a a-stable Cartan subalgebra

) of g and the highest root a relative to a certain linear order in
where z/denotes the non-zero root system of g with respect to ).

Example 1. g0--0(3, 2).
Since 0 is the normal form of type (B), there exists a non-zero element
X in 0 such that ad(H)X--a(H)X for every H in t). Using Theorem 1,
one can easily see that this element X has not a weak polarization,
since dim x--6, dim g--10, and the dimension of a parabolic sub-
algebra of is equal to 6, 7 or 10.

Example 2. The normal form of type (G2).
There exists a non-zero element X in 0 such that ad(H)X=a(H)X for
every H in ). This element X has not a weak polarization, since
dim fix=8, dim =14, and the dimension of a parabolic subalgebra of

is equal to 8, 9 or 14.
4. Let t? be a Cartan involution of go, and 0 0+ P0 be the Cartan

decomposition of g0 associated to t?, where 0 is a maximal compactly
imbedded subalgebra of g0. Let ), ..., be representatives of the G-
conjugate classes of Cartan subalgebras of g0. They can be chosen
stable and such that )t )_, t)+ + and dim )+ __< dim )+/ for every i,
where t)

_
) 0 and )+ ) P0. We set )-()) and-/- 1 )_ / +.

The non-zero root system of (g, )) admits the direct sum decomposi-
tion --X UX [2 /, where X--{a e ; k}, X--{a e ; p} and
A- {a e 2 a]+ :/:0}. A lexicographic order in ) compatible to
induces a linear order in and determines positive subsystems + and
z/+. We put -( g) go. Then we have

aAi+
Proposition 3. A nilpotent element in go is G-conjugate to an

element in o.
Proposition 4. 1) An element X e go is G-conjugate to an ele-

ment in o/o for some i,
2) In the above, assume that i is chosen such that dim )+ is as

large as possible. And let X’ be an element in o+ which is G-con-
jugate to X, and H’ be the semisimple part of X’. Then H’ satisfies
a(H’)=/=O for every e Xi. Now we shall give the notion of principal nilpotent elements
(in the real sense) of g0:

Definition. A nilpotent element e e g0 is called a principal nilpo-
tent element if dim e=<dim gx for every nilpotent element X in g0,

where gx denotes the centralizer of X in g.
The dimension of e for a principal nilpotent element e e g are
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written explicitly"
Proposition 5. A nilpotent element e e g0 is principal nilpotent if

and only if dim ge is equal to the rank of go plus the cardinal number

of
Following two theorems are concerned with cuspidal parabolic

subalgebras and polarizations:
Theorem 3. A principal nilpotent element of g0 has an admissible

polarization q, which can be chosen so that q go may be a minimal
parabolic subalgebra of go.

Theorem 4. Assume that H e o satisfies a (H) 0 for every. Then there exists an element e e n such that

E E

a,(H) =0

is a weak admissible polarization of H+ e.
Remark. For the parabolic subalgebra q in Theorem 4, (q + aq)

g0 is a cuspidal parabolic subalgebra o g0 corresponding to .
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